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COMMON FIXED POINTS FOR GENERALIZED MULTIVALUED
MAPPINGS VIA SIMULATION FUNCTION IN S-METRIC
SPACES

G. S. SALUJA

ABSTRACT. The goal of this work is to introduce the notion of generalized multi-
valued Z-contraction and generalized multivalued Suzuki type Z-contraction for
pair of mappings and establish common fixed point theorems for such mappings
in complete S-metric spaces. Additionally, we deduce some corollaries from our
main result and provide examples in support of the established results. With
the help of the obtained result, sufficient conditions for the existence of common
solution to the system of nonlinear integral equations are studied. The results
obtained in this work extend and generalize several well-known results in the
existing literature.

1. INTRODUCTION

Fixed point theory is one of the most useful branches of nonlinear analysis, pro-
viding fruitful tools for the resolution of many problems arising from different fields
of pure mathematics, applied sciences, engineering and more. A fundamental result
in fixed point theory is the Banach contraction principle [5]. This result has been
extended in many directions for single and multivalued cases on a metric space. In
1969, Nadler [20] introduced the notion of multivalued contraction mappings and
showed that such mappings have a fixed point in a complete metric space. After that,
many fixed point theorems have been proved by various authors as a generalization
of the Nadler’s theorem (see [2, 4, 6, 8, 9, 12, 15, 17, 18]).

In 2017, Gairola and Khantwal [10] introduced the multi-valued contractions in
S-metric spaces and proved some fixed point theorems for multi-valued maps on .S-
metric space. Their results extend and generalise the results of Nadler [20], Sedghi
et al. [34] and others.

In 2015, Khojasteh et al. [14] introduced the notion of a simulation function with
the aim of defining a new class of contractions called Z-contractions. They studied
the existence and uniqueness of fixed point for Z-contractive type operators (see
[14], Theorem 2.8). Using the idea of simulation functions, different contractive
conditions can be expressed in a simple and unified way. A large number of authors
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have published many research papers using simulation functions (see, [3, 7, 13, 16,
21, 22, 23, 28, 29, 30, 31, 33, 36] and many others).

Recently, Antal and Gairola [1], introduced the notion of generalized multival-
ued Z-contraction and generalized multivalued Suzuki type Z-contraction for pair
of mappings and establish common fixed point theorems for such mappings in the
framework of complete metric spaces using simulation functions. In 2022, Pourgho-
lam et al. [27] proved some common fixed point theorems for single valued and
multi-valued mappings in S-metric spaces (see, also [26]).

Very recently, Mlaiki et al. [19] have studied simulation functions with S-metric
spaces, which are recent generalizations of metric spaces, and established several
fixed point theorems in these spaces, including an application to the fixed-circle
problem.

In this paper, we introduce the notion of generalized multivalued Z-contraction
and generalized multivalued Suzuki type Z-contraction for a pair of mappings and
establish some common fixed point theorems for such mappings in the setting of
S-metric spaces using simulation function. We also provide an application for the
validation of the established result.

2. PRELIMINARIES

Let (€2,d) be a metric space. In the sequel, we use the following notations:

CB(Q) :={A: Aisanonempty closed and bounded subset of Q},
D(zx,A) :=inf{d(z,y) : y € A},

H(A, B) := max{sup D(z, B),sup D(y, A) }.
€A yeB

The function H is a metric on CB(2) and is called the Hausdorff metric induced by
the metric d. Also,

d(A, B) :=sup{d(z,y) :x € A, y € B}
and
D(A,B) :=inf{d(z,y) :x € A, y € B}.
Note: 6(A, A) = diam (A). If diam (A) < oo, then A is bounded.

Definition 2.1. A point 2y € 2 is said to be a fixed point of the multi-valued
mapping T if xzg € Txp.

Theorem 2.1. ([20]) Let (2,d) be a complete metric space and T : Q@ — CB()
be a contraction mapping such that

H(Tz, Ty) < hd(z,y), (2.1)
forallz,y € Q and for some h € [0,1). Then there exists x* € Q such that x* € Tx*.

The notion of simulation function was introduced by Khojasteh et al. [14] as
follows:
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Definition 2.2. ([14]) Let ¢: [0, 00) % [0,00) — R be a mapping. Then ( is called
a simulation function if it fulfills the hypotheses given below:

(C1) €(0,0) = 0;

(C2) C(t,s) < s—tforall s,t > 0;

(C3) if {tn}, {sn} are sequences in [0, 00) such that lim, o0 t,, = lim, o0 sp > 0,
then lim sup,, o ((tn, sn) < 0.

Example 2.2. ([14]) Let ¢,: [0,00) — [0,00) be continuous functions with
¢r(t) = 0 if and only if ¢ = 0. For n = 1,2,3,4,5, we define the mappings
Gt [0,00)2 = R, as follows:

(1) Ci(t,s) = p1(s) — ¢a2(t) for all t,s € [0,00), where ¢1(t) < t < ¢a(t) for all
t>0.

(2) Co(t,s) =s— % for all ¢, s € [0, 00), where g1, g2 [0,00)? — [0, 00) are two
continuous functions with respect to each variable such that gy (¢, s) > ga(¢, s) for all
t,s > 0.

(3) 3(t,s) = s — p(s) —t for all t,s € [0,00), where ¢: [0,00) — [0,00) is a
continuous function such that ¢(¢) = 0 if and only if ¢ = 0.

(4) Let ¢: [0,00) — [0,1) be a function such that limsup, ,,+ ¢(t) < 1 for all
r > 0. We define (4(t,s) = s¢(s) —t for all t,s € [0, 00).

(5) Let n: [0,00) — [0, 00) be an upper semi-continuous function such that n(t) < ¢
for all ¢ > 0 and 7(0) = 0. We define (5(t,s) = n(s) —t for all ¢, s € [0, 00).

Then ¢, for n =1,2,3,4,5 are simulation functions.

Argoubi et al. [3] slightly modified the definition of simulation function by remov-
ing the condition ((1).

Definition 2.3. ([3]) A simulation function is a mapping ¢: [0, 00) x [0,00) — R
fulfilling the following axioms:

(C2) C(t,s) =s—t for all s,t > 0;

(C3) if {tn}, {sn} are sequences in [0,00) such that lim, oo t, = limy, 00 Sy > 0
and t, < sy, then limsup,, ,.. ((tn, sn) <O0.

The set of all simulation functions is denoted by Z [14]. In [14], the notion of a
Z-contraction was defined to generalize the Banach contraction principle as follows:

Definition 2.4. ([14]) Let (€2,d) be a metric space and 7: Q@ — Q a mapping
and ( € Z. Then T is called a Z-contraction with respect to ( if the following
condition is satisfied for all x,y €

(T, Ty), d(x,y)) = 0. (2.2)

Every Z-contraction mapping is contractive and hence continuous (see [7, 14, 29]
for basic properties and some examples of a Z-contraction). In [14], Khojasteh et al.
used the notion of a simulation function to unify several existing fixed point results
in the literature.

On the other hand, Sedghi et al. [34] introduced the notion of S-metric space as
follows.

Definition 2.5. ([34]) Let Q be a non-void set and S: Q3 — [0, +00) be a function
fulfilling the hypotheses below for all x,y, z,u € :
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(a) S(z,y,z) =0if and only if x =y = z;
(0) S(z,y,2) < S(z,z,u) + S(y,y,u) + 5(z,2,u).
Then, (£2,5) is called an S-M S and S is called an S-metric on €.

Example 2.3. ([27]) Let Q = [0, +00) and a > 0. Define S: Q3 — [0, +00) by

S(r.2.2) = {
Then S is an S-M S on .

Example 2.4. ([34]) Let 2 =R and S(z,y,2) = |z — 2| + |y — 2|. Then S is an
S-metric on €2, named the usual S-metric on €.

Lemma 2.5. ([34], Lemma 2.5) In an S-metric space (2,.5), we have S(z,z,y) =
S(y,y,z) for all x,y € .

Definition 2.6. ([34]) Let (€2, S) be an S-metric space. For r > 0 and z € , the
open ball Bg(z,r) and closed ball Bg[z,r] with center x and radius r are defined as
follows:

0, if z=y=z2,
max{z,y,z} —«a, otherwise.

Bs(z,r) :={y € Q: S(y,y,z) <r},
Bglz,r| ={y € Q: S(y,y,z) <r}.

Let 7 be the collection of subsets A C Q with x € A if and only if there exists
r > 0 such that Bg(z,r) C A. Then, 7 is a topology on €, and A is said to be
S-open. The complement of an S-open set is said to be S-closed.

Definition 2.7. ([34]) Let (£2,.5) be an S-metric space.

(1) If for every x € A there exists r > 0 such that Bg(z,) C A, then the subset
A is called an open subset of €.

(2) A subset A of Q is said to be S-bounded if there exists r > 0 such that
S(z,x,y) <r forall x,y € A.

(3) A sequence {z,} in Q converges to z if and only if S(xy, zp,x) — 0 as n — oco.
That is, for each € > 0 there exists ng € N such that for all n > ng, S(xp, xn,x) < €
and we denote this by lim,_, z, = .

(4) A sequence {z,} in Q is called Cauchy sequence if for each ¢ > 0, there exists
no € N such that for all n,m > ng, S(xn, Tn, zm) < €.

(5) The S-metric space (£2,.5) is said to be complete if every Cauchy sequence is
convergent.

Example 2.6. ([34]) Let (€2,.5) be as in Example 2.4. Then (2, S) is complete.

Lemma 2.7. ([34], Lemma 2.12) Let (2, S) be an S-metric space. If x,, — = and
Yn — Y as n — 00, then S(Tpn, Tn,yn) = S(z,x,y) as n — oo.

On the other hand, the relationship between a metric and an S-metric are given
as follows:

Lemma 2.8. ([11]) Let (2,d) be a metric space. Then, the following properties
are satisfied:

(1) Sq(z,y, z) = d(x, z) + d(y, z) for all x,y,z € Q is an S-metric on Q.

(2) xp = x in (Q,d) if and only if x, — x in (Q,Sy).
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(3) {zn} is Cauchy in (2, d) if and only if {x,} is Cauchy in (2, Sy).
(4) (2,d) is complete if and only if (2, Sq) is complete.

The metric Sy was called the S-metric generated by d (see [24]). Some examples
of an S-metric that is generated by any metric are known (see [11, 24] for more
details).

Lemma 2.9. ([32]) Let (Q2,5) be a complete S-metric space and {x,} is a se-
quence in Q such that lim, o0 S(n, Tn, Tnt1) = 0. If {x,} is not a Cauchy se-
quence, then there exists € > 0 and sequences of positive integers {my} and {ny}
with ng > my > k such that for every k > 0, corresponds to my, we can take ny
which is smallest such that S(Tm,, Tm,,, Tny,) = €, S(Tmys Tmy, Tnjp—1) < € and

(1) klg& S(Tmys Tmy, Tny,) = €,

(’LZ) leHOIO S(l’mk+1, T +15 :Enk) =g,

(ZZ’L) kll)ﬂgo S(xmk s Tmy, $nk+1) =&

Definition 2.8. ([27]) Let (£2,.9) be an S-metric space. Define Sy : (CB(Q2))% —
[0, +00) by
Sy(A,B,C) = Hg(A,C)+ Hg(B,C),

where
HS(A7 B) = maX{hS(A7 B)a hS(Ba A)}a

hs(A, B) =sup{S(a,a,B) :a € A}, and
S(a,a,B) = inf{S(a,a,b) : b € B}.
For more details see [26].
Theorem 2.10. ([26]) Sy is an S-metric on CB(£).
We call Sy the Hausdorff S-metric on C'B(€2) generated by S.

Lemma 2.11. ([10], Lemma 3.1) Let (2, S) be an S-metric space and A,B €
CB(Q). Then for each a € A, we have

S(ava‘a B) < SH(A7A7 B)
In [10], Gairola and Khantwal introduced the following.

Definition 2.9. ([10]) Let (€2,S) be an S-metric space. A function 7: Q —
CB(9) is said to be a multi-valued contraction on € if there exists a constant
a € [0,1) such that

Su(Tx, Tz, Ty) < aS(z,z,y), (%)
for all z,y € Q.
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Example 2.12. Let (€, S) be an S-metric space and let = R. Define S: Q3 —
[0,400) by S(z,y,2) = |x — 2| + |y — 2| for all z,y,z € R. Let T: Q@ — CB(Q) be
defined by T (z) = [0, %] for all x € Q.

For any =,y € 2, and let x < y, we have
x

Su(Te, Ta, Ty) = Su([0.5].[0.5][0.5])

— max | u:ﬁfﬂ $(uu 0. 4]), v:ﬁz] s(v,0.[0.3])}

= max{ sup 2u—[0,%”, sup 2@—[0,%”}
ue [0,%} vE [0,%}
z Yy
- wmacfof£ 1)
max 3
r oy 1
= Q‘fff = —(2z —
- -4 =5 -
< @l = LS(.2.y)
2 €T y _2 I)x7y
aS(z,x,y).

Since there exists o = 3 € [0,1) such that
Su(Tz, Tz, Ty) < aS(z,z,y),
it follows that 7 is a multivalued contraction mapping.

Theorem 2.13. ([10], Theorem 3.1) Let (2, S) be an S-metric space. If T: Q —
CB(Q) is a multi-valued contraction on Q, then T has a fized point.

Definition 2.10. ([19]) Let (€2, .5) be an S-metric space, 7 : © — Q be a mapping
and ¢ € Z. Then T is called a Zg-contraction with respect to ¢ if the following
condition is satisfied

¢(S(T2, Ty, T2). S(a,y.2)) 2 0, (2.3)
for all z,y, 2z € Q.

Remark 2.1. ([19]) Every Zg-contraction is a contraction and therefore it is
continuous (see [34]).

Lemma 2.14. ([19], Lemma 3) Let (2, .S) be an S-metric space. If T: Q — Q be
a Zg-contraction with respect to ( € Z and T has a fized point, then the fized point
18 unique.

Definition 2.11. ([23]) Let (©2,d) be a metric space, T: Q —  a mapping and
¢ € Z. Then T is called a generalized Z-contraction with respect to ¢ if

((d(Tw, Ty), Miz,y)) >0, (24)
for all =,y € Q, where

d(zx, Ty) + d(y, Tz) }

M(z,y) = max {d(z,y), d(z, T2), d(y. Ty): .
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On the other hand, Padcharoen et al. [25] presented the notion of generalized
Suzuki type Z-contraction on a metric space as follows.

Definition 2.12. ([25]) Let (©2,d) be a metric space, T : Q —  a mapping and
¢ € Z. Then T is called a generalized Suzuki type Z-contraction with respect to ¢
if

1
5@, T2) < d(z,y) = C(d(Tx,Ty),M(x,y)) >0, (2.5)

for all distinct =,y € 2, where

d(x, Ty) + d(y, Tw)}
5 .

Motivated and inspired by Definition 2.11 and Definition 2.12, we introduce
the concept of generalized multi-valued Z-contraction and generalized multi-valued
Suzuki type Z-contraction for a pair of mappings in S-metric space.

Definition 2.13. Let (2, S) be an S-metric space and F,G: Q — CB(Q2) be map-
pings. Then the pair (F,G) is said to be a generalized multi-valued Z-contraction
for a pair of mappings with respect to ( € Z if

¢(Su(Fa, Fx,Gy), Ms(w,2,9)) 2 0, (2.6)
for all x,y € Q, where
Mg(z,z,y) = max{S(z,x,y),S(az,x,Fx), S(y,y, Gy),

S(z,xz,y) + S(y,y, Fr)
> J

Definition 2.14. Let (£2,S5) be an S-metric space and F,G: Q@ — CB(f2) be
mappings. Then the pair (F, G) is said to be a generalized multi-valued Suzuki type
Z-contraction for pair of mappings with respect to ¢ € Z if

M(z,y) = max {d(z,y),d(z, Tw), d(y, Ty),

émin {S(:v,rr, Fx),S(y,y, Gy)} < S(z,z,y)

= C(SH(Fx,Fx,Gy),MS(:c,x,y)) >0, (2.7)
for all x,y € €, where
MS(x7 x? y) = maX{S(m7 x? y)75(x7 l’? Fx)’S(y7 y7 Gy)’

S(x,x,y)JrS(y,y,Fx)}
. .

3. MAIN RESULTS

In this section, we prove some common fixed point theorems for generalized mul-
tivalued Suzuki type Z-contraction for a pair of mappings with respect to ¢ in the
framework of S-metric spaces.

Theorem 3.1. Let (2, S) be a complete S-metric space and F,G: Q — CB(Q)
be a pair of generalized multivalued Suzuki type Z-contraction with respect to ( € Z
as defined in (2.6). Then F and G have a common fized point in .
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Proof. Let x¢ € 2 be an arbitrary point. Choose x1 € Fxg. Then by the definition
of the Hausdorff S-metric, there exists xo € Gx1 such that

0< S(:Ul,xl,acg) = S(xl,xl, le) < SH(F$0,F$0,G$1). (3.1)
Assume that S(zg, zo, Fxo) > 0 and S(z1,x1,Gz1) > 0, then
1
3 min {S(xo,xo, Fxg), S(x1,x1, Gazl)} < S(xg,x0,x1). (3.2)

Therefore from (2.6), we have
0 < C(SH(Fﬂﬁo,Fxo,Gfﬂl)»Ms(wo,:Eo,m))
< Ms(xo,xo,xl) - SH(Fl'o,Fmo,Gm'l).

Consequently, we get

S(.’I)l,l’l,xQ) S SH(F$0,FI'0,G$1)
< Mg(zo, o, x1), (3.3)
where
Ms(xg, x0,21) = maX{S(xo,xo,:Ul),S(:L‘o,ajo,F:Uo),S(xl,:cl,le),

S(xo,xo, x1) + 5(961,901,171’0)}
2

= maX{S(xo,fL“o,ﬂn),S(iﬁo,xo,ﬂﬁl),s(ﬂcl,fl«“l,flfz),

S(xo,z0, 1) + S(x1,21,21) }
2

= max{S(mo,mo,ml),S(xl,xl,xg)}.

Suppose that max{S(a:o,mo,azl), S(:z:l,xl,xg)} = S(z1,21,22), then (3.3) becomes
S(x1,z1,22) < Sp(Fxg, Frg,Gr1) < S(x1, 21, 22),
which is a contradiction. Thus we conclude that
max {S(xo,:cojxl), S(xl,xl,:zg)} = S(zp,x0,x1).
By (3.3), we obtain
S(z1,x1,22) < S(x0, 20, 1)-
Similarly, for zo € Gx1 and z3 € Fx9, we have
S(ze, xo,x3) < Sy (Gr1, Gy, Fro) < S(1, 21, 72).
This implies
S(ze, 2, x3) < S(1, 21, 22).

By continuing the same process as above, we construct a sequence {x,} in Q such
that xop1 € Fxopn and xopyo € Grant1, n=0,1,2,... such that

0 < S(z2n+1, Tont1, Tont2) = S(@ont1, Tont1, GToany1)
< Su(Fzon, Frop, Groni1),
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and
1 .
3 min {S($2n, Ton, Fxon), S(Tont1, Tant1, G$2n+1)}
< S(.Tgn, L2n,y 35271—&—1)-

Hence from (2.6), we have

0 < C(SH(FUCQn, Faon, Grapy1), Ms(x2n, Ton, $2n+1))
< Mgs(xon, Ton, ont1) — Su(Fron, Fron, Grani1).
Consequently, we get

S(on+1, Tant1, Tant2) < Su(Faon, Fron, Groni1)
< Mg(zan, Tan, Tan+1), (3.4)

where
Ms(on, Ton, Tony1) = m&X{S($2n,$2n,w2n+1)75($2n,mszfUzn),

S(on+1, Tan+1, GTant1),

S(xon, Ton, Tant1) + S(Tont1, Tant1, Fxop) }
2

= maX{S($2n7$2n,$2n+1)7S($2n,$2n,$2n+1),

S(T2n+1, T2n+1, Tant2)s

S(xon, Ton, Tant1) + S(Tont1, T2nt1, T2n+1) }
2

= max {S(Jﬁzm Ton, Tant1), S(Tont1, Tant1, $2n+2)}-

Suppose that max {S(CE’Qm Zon, T2n41), S(Ton41, Tant1, $2n+2)} = S(Zont1, Tan+1, Tant2),
then from (3.4), we have

S(Tont1, Tant1, Tont2) < Su(F2on, Fron, Gront1) < S(Ton+1, Tant1, Tant2),
which is a contradiction. So we conclude that
max {S(wzn, Ton, Tan+1)s S(Tan+1, Toan+1, $2n+2)} = S(xon, Ton, Ton+1).
Then from (3.4), we obtain
S(Ton+1, Tont1, Tonte) < Sg(Fron, Fron, Gront1) < S(Ton, Tan, Tant1)-
This implies that
S(T2n+1, Tan+1, Tant2) < S(T2n, Tan, Tant1)- (3.5)

Hence S(Zp+1, Tnt1, Tnt2) < S(Tpn, Tn, Tny1) for all n.
Therefore {S(zy,, Tn, Tns1)} is a strictly decreasing sequence of non-negative real
numbers. Thus there exists d > 0 such that

lim S(xp, Tn, Tpy1) = d.
n—oo
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We shall prove that d = 0. Suppose on the contrary that d > 0. Now by using
condition ((3) with ¢, = Sg(Fxan, Fraon, Gront1) and s, = S(on, Ton, Tant1), We
have

0 < limsup ¢ (S (Faon, Fron, GTont1), S(Ton, Ton, Tony1)) <0,

n—oo

which is a contradiction. Thus, we conclude that d = 0, that is,

lim S(xp, Tn, Tpy1) = 0. (3.6)

n—oo

Now, we shall show that {z,} is a Cauchy sequence. We suppose that {z,} is not
a Cauchy sequence.

Then using equations (2.6), (3.6) and Lemma 2.9, we can choose a positive integer
ng > 1 such that

T .

g
<5 < S@n(k) Tn(ky Tm(r)):
and
< M (Tnys Tugk)s o)) — SHS(F Loy, Frn), GZmm)))-

Consequently, we get

S(@nk)+15 Tnk)+1, Tmk)+1) < SHS(FTymy, Fnm), GTmr)))

< MS(xn(k) y Ln(k)> mm(k))v (37)
where
M (Zn(k) Tn(k)> Tm(k)) = max {S(xn(k)7 Tr(k)> Tm(k)) s S (Tn(k) Trk)s F o)),
S(Tpm (k) Ty GTmk)),

S($n(k)a Ln(k)s xm(k)) + S(:Em(k) y Tm(k)» F$n(k)) }
2

= max {S(OCn(k), Tr(k)> Tm(k)) s S (Tn(k) Tr(k)> Tn(k)+1)

S(Tp(k)> Tim(k)s Trm(k)+1)5
S(Tn(k)s Tn(k)y Tmk)) S (@mk)s Tm(k) Tn(k)+1) }
5 .

Letting k — oo in the above inequality and using (3.6), Lemma 2.5 and Lemma 2.9,
we get

lim Ms(xn(k), xn(k),xm(k)) = max{s, O, 0, 6} =¢&. (38)

k—o0
Now by using condition (¢3) with t, = Sy (Fank), FTpr), GTme)) and s,
= M,S'(xn(k)a Ln(k)s xm(k))v we have

0< 1im_)SUP C(Sa(Fap)s Fnmy, G ), Ms(Tniey Tnkys Zmr))) <0,
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which is a contradiction. Hence {x,} is a Cauchy sequence in 2. Since €2 is complete,
we can ensure that {x,} converges to some z* € 2, that is,

lim S(zp,xn,2") =0,

n—oo
and so
nh_{glo S(xp, p, ") = nh_{rolo S(xon, xop,x*) = nh_)rglo S(zon+t1, Tont1, ™) = 0.
(3.9)
Now, we claim that
1
3 min {S(zn,mn,F$n),S(x*,x*, Gx*)}
< S(xp, Ty, %),
or .
3 min {S(:U*,:c*, Fx*), S(xni1, Tny1, Ga:n+1)}
< S(z*, 2", xpy1), (3.10)
for all n € N. Suppose that it is not the case. Then there exists m € N such that
1
gmin {S(azm,xm,F:cm), S(z*,x*,Gm*)}
> S(zm, Tm, x¥), (3.11)
and )
3 min {S(ZE*, 2 Fx™), S(Tmt1, Tmt1, Gmm+1)}
> S(z*, 2", X)) (3.12)
Therefore
3S(Tmy Tm, ™) < min {S(xm,:pm,me),S(x*,$*,G$*)}
< min {QS(azm, T, ) + S(z*, 2%, Fxy,), S(x*, ¥, Gx*)}
< 28(Tmy T, ) + S(2*, 2%, Fxy,)
< 28(Tmy T, ) + S(27, 2%, Tmy1),

which implies by Lemma 2.5, we have
S( Ty Ty %) < S(Tynt1, Tmt1, 7). (3.13)
From (3.12) and (3.13), we have
S(Tmy Tm, ") < S(Tma1, Tmt1,27)
< % min {S(x*, x*, Fx*), S(Tms1, T, Gazm+1)}. (3.14)
Since

1
3 min {S(xm,a;m, Fzxy,),S(x*, z*, Ga:*)} < S (T Ty Tont1),
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from (2.6), we have

0 S C(SH(FCCm,FCCm,Gl‘m+1),MS(SUm,l’m,CCm+]_))
< MS@?m;xmyxm—I—l) - SH(F$m7me7me+1)-

Consequently, we get

S($m+1axm+1a$m+2) < SH(F$m7F$m7G$m+1)
< MS(xm7xm7wm+l)7 (315)

where
MS((Bm?xmawm-f—l) - ma.X{S(Z’m,xm,xm+1),S(xm,l'm,Fl'm),

S(ﬂjm—&-laxm—i-ly G$m+l)’
S(ﬂjma Lm, xm+1) + S(J:erlv Tm+1, FCL‘m) }
2

= max{S(xm7$m7xm+l)uS(xmy-rmuxm—i-l)’

S(xm+17 Tm+1, mm+2)7
S(l‘m, Tm, xm+1) + S(merl’ Tm+1, :Eerl) }
2

= Inax {S(Cﬂm, Lm, l'erl)a S(IEm+1, Tm+1, xm+2)}-

Suppose that max {S(ZL‘m, Tm, xm—{—l)a S(xm—i-lv Tm+1, xm+2)} = S(xm—l-ly Tm+1, xm+2)a
then from (3.15), we obtain

S(Tmt1, Tmt1s Tmt2) < SH(E T, Frpm, GTmi1) < S(Tmt1, Tmtl, Tmt2),
which is a contradiction. Thus, we conclude that
max {S(:L’m, Ty Tint1)s S (Tmt1, Tmt1, xm+2)} = S(Tm, Tm, Tm+t1)-
Hence from (3.15), we obtain
S(Tm+1, Tmt1s Tmt2) < S(Tm, Ty Tmt1)- (3.16)
From (3.14), (3.16) and Lemma 2.5, we get

S(l‘m,xmal‘erl)
25(1'771, xmyx*) + S(l’m+1,xm+1,x*)
= 25(xm,Tm,x") + S(x™, 2%, Tpp1)

2
3 min {S($*, x*, Fx™), S(Tm+1, Tmt1, G:UmH)}

1 . * * *
—i—gmln{S(x ;¥ Fx ),S(xm+1,xm+1,G:zm+1)}

min {S(aj*,x*,Fx*), S(Tmt1s Tm1, meﬂ)}

S(xm-‘rl? Tm+1, l’m+2),

S($m+1a Tm+1, xm+2)

IAINA

IN

IN
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which is a contradiction. Hence (3.10) holds, that is, for every n > 2

1
3 min {S(:En, T, Fxy), S(z*, 2", Ga?*)} < S(zp, Tn, ")

holds. Hence from (2.6), it follows that for every n > 2,
0 < C(SH(Fxn,Fxn,Gx*),MS(xn,xn,x*))
< Mg(zp,zn,x*) — Sg(Fay, Fr,, Gx™).
Consequently, we obtain
S(Tpt1,Tnt1,Ga*) < Sp(Fay, Fr,, Gz™)
< Mg(xp, xn, %), (3.17)
where
Mg(xp, xp, %) = max{S(azn,xn,x*),S(xn,xn,Fxn),S(:c*,x*,Gaz*),
S(xy, Tp,x*) + S(a*, x*, Fay,) }
2

= max {S(azn, T, ), S(Tp, Ty Tnt1), S(a™, 2™, Gx™),

S(ZEn, Ln, l‘*) + S(l‘*, l’*, $n+1) }
5 .
Letting n — oo and by using (3.6), (3.9), condition (a) and Lemma 2.7, we get
lim Mg(zp, xn,z") = max{0,0, S(x*,x*,G:v*),O}
n—oo
= S(z*,z", Gz"). (3.18)

Now, we prove that z* € Gz*. Suppose on the contrary that S(z*,z*, Gx*) > 0.
Passing to the limit as n — oo in (3.17) and using (3.18), we obtain

S(z*, 2", Gz™) = li_>m S(zp+1, Tnt1, GT)
< ILm Si(Fay, Fr,, Gz™)

< lim Mg(xp, zy, ") = S(z*, 2%, Gz™),
n—oo

which is a contradiction. Therefore z* € Gz*. Likewise, we can prove that * € Fx*.
Thus, F' and G have a common fixed point. This completes the proof. O

Example 3.2. Let Q = {0,1,2} and S: Q3 — [0, +00) be defined by
$(0,0,1) =1, §(0,0,2) = 2, S(1,1,2) = 3, and 5(0,0,0) = S(1,1,1)
=5(2,2,2) = 0.

Then (£2,.5) is a complete S-metric space.
Define the mappings F,G: 2 — CB(2) by

{0}, if ze{0,1},
Fz) = { {0,1}, ifz =2,

and
{0}, if z€{0,1},
G(z) = { {1}, ifz=2



68 G. S. SALUJA

Let ¢: [0,+00) x [0, +00) — R be defined by ((t,s) = i5s —t for all s,t € [0, +00).
Now verify inequality (2.6) for all z,y € Q with F(z) # G(z). Note that for all
z,y € {0,1,2} with F(z) # G(x) the inequality
1
3 nin {S(w,w, Fa), Sy, y, Gy)} < Sz, ,y)
gives S(z,z,y) € {5(0,0,2),5(2,2,0),5(1,1,2),5(2,2,1)}. Then from (2.6), we
have

9
C(SH<F-7;7FIE7Gy)7MS(x7$7y)) - TOMS(xaxay) - SH(F.’E,F.ZL‘,G:I/) > 0.
This implies that
SH(FII?,FI',GZ/) < %Ms(xaxay)'

Case (i): for 2 =0, y = 2;
S(FO0, F0,G2) = S ({0}, {0}, {1}) = 1 < 1%/\/13(0,0, 2) = g
Case (ii): for x =2, y = 0;
Su(F2,F2,G0) = Sg({0,1},{0,1},{0}) =1 < %M5(2,2,0) = %

Case (iii): forz =1, y = 2;
9 27
Case (iv): forz =2, y = 1;
27
10°
Thus all the assumptions of Theorem 3.1 are satisfied. Hence 0 is a common fixed
point of F' and G.

Su(F2,F2,G1) = Sy ({0,1},{0,1},{0}) =1 < %MSQ, 2,1) =

Now, we present some auxiliary results obtained from Theorem 3.1.

Corollary 3.3. Let (2, S) be a complete S-metric space and F,G: Q — CB(Q)
be a pair of generalized multivalued Z-contraction with respect to ¢ (see, equation
(2.5)). Then F and G have a common fized point x* € (.

Corollary 3.4. Let (£2,5) be a complete S-metric space and F: Q — CB(2) be
a generalized multivalued Suzuki type Z-contraction with respect to C, that is,

%S(m,x,Fx) < S(z,z,y) = C(SH(Fm,F:U,Fy),Mg(m,J:,y)) >0, (3.19)

for all x,y € Q with x # y, where
MS($’ ‘,177 y) = maX{S($’ x7 y)’S(‘,I:? x’ Fx)78(y7 y7 Fy)7

Sx,z,y) + 5y, y, Fx) }
5 .
Then F has a fized point x* € Q and for x € Q the sequence {F™x} converges to z*.

Proof. 1t follows from Theorem 3.1 by taking F' = G. O
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Example 3.5. Let Q = {0,1,2} and S: Q3 — [0, +0c0) be defined by
$(0,0,1) =1, §(0,0,2) = 2, S(1,1,2) = 2, and S(0,0,0) = S(1,1,1)
=5(2,2,2) = 0.

Then (€2, 5) is a complete S-metric space.
Define the mapping F': Q — CB(Q) by

FO = F1={0}, F2 = {0,1}.

Note that for all distinct z,y € € the inequality %S(az,m,Fm‘) < S(x,z,y). Hence
from (3.19), we shall prove that

C(SH(FJC, Fx, Fy), Mg(z,x, y)) > 0.

We, now define ¢: [0, +00) x [0, +00) — R by ((t,s) = £s —t for all s, € [0,400).
Thus, we have

((SH(FJS,F:U,Fy),/\/lg(:v,x,y)) = g/\/lg(:c,x,y) — Sy(Fx, Fz, Fy) > 0.
Therefore, this implies that
Sy(Fz,Fx, Fy) < g./\/ls(:v,x,y).
Case (1): z,y € {0,1}, we have
Sg(Fx, Fx, Fy) = 5(0,0,0) =0 < g./\/lg(x,x,y).
Case (2): for z € {0,1}, y = 2, we have
Si(Fz, Fa, Fy) = S ({0}, {0}, {0,1}) = max{0,1} = 1 < g/\/lg(a:,a:,y) — 175,

Thus all the assumptions of Corollary 3.4 are satisfied and 0 is the unique fixed point
of F.

Corollary 3.6. Let (2,5) be a complete S-metric space and F,G: Q — Q be a
pair of generalized single valued Suzuki type Z-contractions with respect to ¢, that
18,

1
3 min {S(:L’, x, Fz),S(y,y, Gy)} < S(z,z,y)
= C(S(Fa, Fa,Gy), Ms(w,2.9)) = 0, (3.20)
for all x,y € Q with Fx # Gy, where
Ms(x7 x? y) = maX{S(x7 x? y)7S(x7 x? Fx)’S(y7 y7 Gy)’

S(a,2,y) + Sy, y, F)
5 J
Then F and G have a unique common fixed point z* € Q and for x € Q) the sequence
{F"x} converges to x*.

Proof. It can be proved easily by taking F' and G as single valued mappings in
Theorem 3.1. Uniqueness of the common fixed point is obvious. O
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Corollary 3.7. Let (2,5) be a complete S-metric space and F,G: Q — Q be a
pair of generalized single valued Z-contraction with respect to ¢, that is,

¢(S(Fz, Fr,Gy), Ms(,2,)) 2 0, (3.21)
for all x,y € Q, where
MS(JU,%ZU) = max{S(x,m,y),S(m,x,Fx),S(y,y,Gy),

S(z,z,y) + S(y,y, Fr)
5 J
Then F and G have a unique common fized point x* € Q and for x € Q) the sequence
{F™xz} converges to x*.

Remark 3.1. Our results extend and generalise the corresponding results of
Antal and Gairola [1] and Padcharoen et al. [25] from complete metric space to
complete S-metric space.

If we take ((t,s) = As—t for all t,s € [0,00) with A € [0, 1) in Corollary 3.3, then
we have the following result.

Corollary 3.8. Let (2,5) be a complete S-metric space and F,G: Q@ — CB(Q)
be a pair of generalized multivalued contraction such that

Su(Fz,Fz,Gy) < AMg(z,z,y), (3.22)
for all x,y € Q and X € [0,1) with Fx # Gy, where

Mg(z,z,y) = max {S(w,m,y), S(z,x, Fz),S(y,y, Gy),

Sx,z,y) + 5y, y, F) }
5 .
Then F and G have a common fized point x* € Q.

Remark 3.2. Corollary 3.8 extends and generalizes Theorem 3.1 of Gairola and
Khantwal [10] for pair of multi-valued mappings.

If we take ((t,s) = As —t for all t,s € [0,00) with A € [0,1), F' = G and

S(x, 2, y) + Sy, y, Fx)\
2 }—S(l‘,l‘,y)

max { (2, 2,), 8z, 2, Fx), S(y,y, Fy).
in Corollary 3.3, then we have the following result.

Corollary 3.9. ([10], Theorem 3.1) Let (£2,S) be a complete S-metric space and

F:Q — CB(Q) be a generalized multivalued contraction such that
Sy (Fz, Fx, Fy) < A\S(z,z,y), (3.23)

forallz,y € Q, x #y and A € [0,1) is a constant. Then F has a fized point z* € €.

Example 3.10. Let Q = [0,4+00). Define S: Q3 — [0,+00) by S(z,y,2) =
|z — z| + |y — z|. Then (©, S) is a complete S-metric space.

Let F,G: Q — CB(Q) be defined by F(z) = [%,%} and G(y) = {%,%] for all
x,y € Q. Now, we have
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S(Fa, Fr,Gy) = max{ sup S(z,2,Gy), sup S(y,y, Fr) }

reFx yeQGy
= max{sup2:z:—Gy,sup 2’y—F:L“}
zeFx yeGy
S T R
ve5.2] 3.4]
9 {x yl |x y}
= 2maxq|=— 2|, |=— 2
3 3'l6 6
s (o —ol.[5 - 3}
= -—max?|z - —=
3 g 7y
2o —yl = 2 @la—y)) = x S(z,2,y)
= —|\r — = — Xr — = = r,T
3 Yy 3 Yy y Ly Y
1
< §S(a:,x,y):)\5(x,a:,y)

< AMS(Z’,ZL',Z/),

where \ = % < 1. Thus all the assumptions of Corollary 3.8 are satisfied. Hence by

application of Corollary 3.8, F' and GG have a common fixed point.

Example 3.11. Let = [0, 1]. Define the function S: Q2% — [0, +00) by

2 )
S(a,y,z) = E LW

for all z,y,z € Q. The condition (a) holds directly. To check condition (b), for all
t € 2, we have

S(z,x,t)+ S(y,y,t) + S(z,2,t) = |z —tP+|y—t?+|z—t?
lt—z+z—tP+ly—z+z—tP+ ]z -t
(lz = 2P+ 2= tP) + (Jy — 2P + [z = ") + |z — ¢t
Blz — t* + (| — 2 + |y — =)

= 27 + |y — 2|

v

Vv

2 2
T—z"+y—=z
2 WA S0,

Y

Hence (2, S) is an S-MS. Define MV-mappings F, G: Q@ — CB(2) by F(z) = [%,O]

and G(y) = {4} for all 2,y € Q. Now, we examine the condition (3.22). Using
Definition 2.8, for all z,y € €2, we get

= 2Hg(Fz,Gy) = Qmax{hS(F:U,Gy),hS(Fx,Gy)},
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where
hs(Fx,Gy) = sup inf S(u,u,v)
weFz VEGY
_ lu —v|? + Ju—v|?
= sup inf ( )
uweFz VEGY 2
. 2
= sup inf {|lu—w
uEFx'UeGyﬂ "}
e
= sup inf{‘u—f‘ }
ueFx 3

2 2
Ifu:geFa:,theninf{‘%—%’ }:O. Ifu:OeFx,theninf{g—%’ }:0.

Consequently, hg(Fz,Gy) = 0. Hence
Sp(Fz, Fr,Gy) =2 max{0,0} =0 < A\ S(z,z,y) < AMg(z,z,y).

Thus, the contractive condition (3.22) is fulfilled with any A € [0,1). Therefore, all
requirements of Corollary 3.8 are satisfied. Hence F' and G have a unique common
fixed point which is 0 € Q.

4. APPLICATION

In this section, we establish an existence results for the solution of a system of
non-linear integral equations.
Consider the following system of nonlinear integral equations

b
a;(t)—’y(t)—i—/ Ni(t, s,2(s))ds, ¢ € [a,b],
a (4.1)

b
x(t) = ~(t) +/ No(t,s,x(s))ds, t € a,b].

Let Q@ = C([a,b],R) represents the set of all continuous real-valued functions on
[a,b]. Define an S-metric S: Q% — R by
Sy, 2) = [l =2 + lly — =l = P {l=(t) = =) + Iy () — 2(1)]},
€la,

for all z,y, 2z € Q.
Then (€2, S) is a complete S-metric space. Regarding the existence of the solution
of the system of nonlinear integral equations (4.1), we prove the following theorem.

Theorem 4.1. Assume that the assumptions below hold:

(Y1) Nj: [a,b] X [a,b] x R = R for j = 1,2 and v: [a,b] — R are continuous
functions.

(T2) Suppose there exists A € [0,1) and 6: Q x Q — [0,00) such that for all
z,y € Q and s € [a,b], we have

0 < [Ni(t, s, 2(s)) — Na(t, s,y(s))] < 0(t, s) |z(s) —y(s)|. (4.2)
(Ts)

b
sup / |0(t,s)|ds <\, where0 < X\ < 1.
telab] Ja
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Then, the integral equations (4.1) have a unique common solution x* in .

Proof. For x € Q and t € [a, b], define the mappings F, G: C([a,b],R) — C([a,b],R)
by

b
F(x(t)) =~(t) +/ Ni(t,ryz(r))dr, t € [a,b],

b
G(z(t)) = (1) +/ No(t,r,z(r))dr, t€ [a,b].
Thus, by condition (4.2) of Theorem 4.1, we have

b
[F(x(t) = Gy(®)| < /WNNL&ﬂ@)—NMt&Mﬁﬂﬁ
b

< / 0(t, 5)(12(s) — y(s)[)ds

a

Al = yll;

IN

or equivalently,
2|F(z(t)) = G(y(1)] < 2A [l —y]|.
We deduce that for all z,y € Q and ¢ € [a, ]
S(F.ﬁ,Fl‘,Gg) < AS(':U?:L"Z/) < AMS(xvx‘?y)‘

Thus all the hypotheses of Corollary 3.8 are satisfied. Then by application of Corol-
lary 3.8, the system of nonlinear integral equations (4.1) have a unique common
solution z* € (. O

5. CONCLUSION

In this work, we introduce the notion of generalized multivalued Z-contraction and
generalized multivalued Suzuki type Z-contraction for pair of mappings and establish
common fixed point theorems for such mappings in the setting of complete S-metric
spaces. In addition, we provide some consequences of the established results. Also
some examples are provided to validate the established results. Further, discuss
the existence of solution to the system of nonlinear integral equations. The results
presented in this paper extend, generalize and unify several results in the existing
literature (see, e.g., [1], [10], [23], [25] and others).
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