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NEW UPPER BOUNDS OF THE THIRD HANKEL
DETERMINANT FOR SOME CLASSES OF UNIVALENT
FUNCTIONS

MILUTIN OBRADOVIC! AND NIKOLA TUNESKI?

ABSTRACT. In this paper we give improved, probably not sharp, upper bounds of
the Hankel determinant of third order for various classes of univalent functions.

1. INTRODUCTION AND PRELIMINARIES

A complex-valued function of a complex variable is called univalent in a certain
domain if it does not take the same value twice on that domain. The theory of
univalent functions is over a century old and is rich of different types of results.
There are two major approaches for their study. One is to investigate the properties
of the subclasses of univalent functions and the other is to deliver criteria for a
function to belong to those subclasses.

In recent period, a problem that follows the first approach, that is the problem
of finding upper bound, preferably sharp, of the Hankel determinant for classes of
univalent functions, is being rediscovered and attracts significant attention among
the mathematicians working in the field.

For a function f from the class A of analytic functions in the unit disk D := {z €
C: |z| < 1} normalized such that f(0) = f/(0)—1 =0, i.e., f(z) = z+a2% +azz>+
-+, the gth Hankel determinant is defined for ¢ > 1, and n > 1 by

Ay, an+1 .- an+q_1
Ap+1 an+2 ... Gp4q
Hy(n) = . . .
Qn+g—1 Qntq --- Op42g—2

Thus, the second Hankel determinant is Hy(2) = agsaq — ag and the third is

1 a2 as
Hs(1)=| a2 a3 a4 | = asz(agay — a%) — ayg(ag — azag) + as(as — ag).
az a4 ajp

The concept of Hankel determinant finds its application in the theory of singularities
(see [4]) and in the study of power series with integral coefficients.
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Finding sharp estimate of the Hankel determinant for the whole class of univalent
functions is very difficult task and the most significant result in that direction is
the one of Hayman ([6]) who showed that |Hs(n)| < An'/2, where A is an absolute
constant, and that this rate of growth is the best possible. On the other hand, the
sharp upper bound of the second Hankel determinant for subclasses of univalent
functions is more accessible. For example, for the classes of starlike and convex
functions it turns out to be 1 and 1/8, respectively (Janteng et al., [7]). The classes
of starlike and convex functions are defined respectively with

e 14s
s ={reaiy <1ty
and 02) .
2f"(z + z
C:{f€A1+ f/(Z) '<1Z}7

where ” <" denotes the usual subordination defined by: f < g if and only if f and
g are analytic in D and there exists a Schwarz function w (analytic in D, w(0) = 0
and |w(z)| < 1), such that f(z) = g(w(z)) for z € D. If g is univalent, then f < g is
equivalent to f(0) = g(0) and f(D) C ¢g(D).

The case of the third Hankel determinant was first studied by Babalola in [1] and
it appears to be much more complicated and the existing results are usually not
sharp. Some of the few known sharp estimates is 1/9 for the classes $*(1/2) (the
class of starlike functions of order 1/2, such that f € S*(1/2) C A if and only if
Relzf'(2)/f(2)] > 1/2, z € D) given by Zaprawa et al. in [23] and 4/135 for the
class C given by Kowalczyk et al. in [8]. For the class U defined by

[ - ]Zf/(z)—l <1,ze]D>},

f(z)
Hy(2)| <1 and |H3(1)|§i.

U:{fG.A:

the authors have proven ([15]) sharp bounds to be

Other results on the second and the third Hankel determinant can be found in
2,9, 10, 11, 13, 18, 20, 21, 22].
In this paper we will study the class of starlike functions, as well as, the following

classes )
s={rea it <ty
- freatti <]
and )
S, = {feA: ZJ{,[(S) <z+ 1+22}.

The class S7 consists of functions starlike with respect to symmetric points intro-
duced by Sakaguchi in [17] where he proved that these functions are close-to-convex,
and hence univalent. Mishra et al. in [12] proved sharp bound of |H3(2)| on this
class to be 1, and non-sharp bound of H3(1) to be 5/2.
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For the class &}, Shi et al. in [19] proved that |H3(1)| < 0.50047781.

In their paper [2] Bello and Opoola considered the class S; and found that
|H2(2)] < 29 which was improved by the authors ([14]) to its sharp value 1/4.
No estimate for |H3(1)| is known for this class. It can be verified that the function
2z + 11+ 22 maps the unit disk into the right half plane, so the class S, contains
only starlike functions, i.e., §; C §*.

For this three classes we improve the existing estimates of the modulus of the third
Hankel determinant and we do it by using different approach than the common one.

Namely, the current research on the estimates of the Hankel determinant is done
by application of a result about coefficients of Carathéodory functions (functions
from with positive real part on the unit disk) that involves Toeplitz determinants.
This result is due to Carathéodory and Toeplitz, a proof of which can be found in
Grenander and Szeg6 ([5]). The result itself can be found in [21, Theorem 3.1.4, p.
26].

On the other hand, in this paper, as we already did in [13], we use different
method, based on the estimates of the coefficients of Shwartz function due to
Prokhorov and Szynal ([16]). Here is that result.

Lemma 1.1. Let w(z) = c12 + c22® + - -+ be a Schwarz function. Then, for any
real numbers u and v the following sharp estimate holds

U(w) = |e3 + pereg + vel| < (u,v),
where ®(p, ) is given in complete form in [16, Lemma 2|, and here we will use only
L, (u,v) € D1UDU{(2,1)}
(I)(:uv ) = .
’V‘v (:U'? V) € Uk:g-Dk

=

<l -1<v<1}

)

IA
=

Dy = {(1,1) <2, A(ul+ 1P = (ul+ 1) < v <1},

D3 = {(:“ay) : |:u| < %7 v < _1}7

Dy={(,v): lp| > 5. v < =3(lul+ 1)},

Ds ={(u,v) : |ul <2, v =1},

Dg = {(nv):2<|ul <4, v=>g5(u" +8)},

Dr={(u,v): |pul =4, v>3(ul - 1)}
We will also use the following, almost forgotten result of Carleson ([3]).
Lemma 1.2. Let w(z) = c12 + 22 + - -+ be a Schwarz function. Then

|ca?

leo] <1 — |cl|2, les] <1 — |01|2 — and |eq] <1— ]61]2 — \02\2.

1—|—‘C1‘

2. MAIN RESULTS

In this section we give improved, probably non-sharp estimates of the third Hankel
determinant for classes §*, 7, &7 and ;.

Theorem 2.1. Let f € A is of the form f(2) = z + a2? +azz® + - --.
(i) If f € S*, then |Hs(1)| < 0.777987. ...
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(i) If f € 83, then |H3(1)| < } + 5= = 044245
(iii) If f € 87, then |H3(1)| < 3£ =0.23611....
=

(iv) If f € S}, then |Hs(1)| < 4% = 0.23611. ...

Proof. (i) Let f € S*. From the definitions of starlikeness and subordination we
realize that there exists a function w analytic in the unit disk such that w(0) = 0,
lw(z)| < 1 for all z € D and

z2f'(2) _ 1+ w(z)
fz)  1-w(z)

2f'(2)(1 —w(2)) = f(2)(1 + w(2)).
Using f(2) = z + ag2? + a3z® +--- and w(z) = c12 + 22 + c32° + - - -, by equating
coefficients, we receive

leading to

ag = 261,

2
as = ca + 3c7,

2
ay = 3 (03 + 5cieo + 66:1)’) ,

1 14 43
as = 3 cq + 30103 + 36102 + 262 + 1001

and further
1

5 63 , 1
s [—8 <03 — 46102> 3 0102 + 601 <03 + 20102) +9(co — C%)C4:| .

The last implies

Ha(0)] < g |8

H3(1) =

)
C3 — 10102

63 1
+ §‘01‘2’62’2 + 6‘01‘3 c3 + 56102 -+ 9‘02 — C%HC4|:| .

Now, from Lemma 1.1 by using u = —%, v=20, (ug,v) € Dy; and p = %, v =0,
(1, v) € D1; we receive respectively
5 1
c3 — chcg <1 and |c3+ 50102 < 1.
Therefore, using additionally the estimate for |c4| from Lemma 1.2 we receive
1
H3(1)| < BF+wumP+w&+w@—mu—mP|mﬂ
1
18 [8 — *‘Cl‘ ’62’2 — 9‘01‘ ’CQ’ + 9’01’2 + 6‘01‘3 — 9’01’4 + 9‘02‘ — 9‘62‘3:|
= 173 [8+ h(lea], e2])]
where
h(z,y) = 22 — 922y + 922 + 623 — 9zt + 9y — 9y3

—=x
8
and (z,y) € Q={(2,9):0<2<1,0<y <1—2?}.

We continue with looking for the maximal value of A on (.
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The equation Ay (z,y) = —9 [#*(y +4) + 12y*> — 4] = 0 has positive solution z =
9,/ = g(y) only when 0 < y < @ = 0.57735.... After replacing it in h/, we

d+y
receive
(o)) = Y30 [16v/Ty+ 4)(1 = 3y?) — 4 + 18042 — 24y — 32
ST oy +4)32 ‘

The equation hl(¢g(y),y) = 0 has only two positive solutions y; = 0.1541 ... with
r1 = g(y1) = 0.94567... and 3 > 1 — 22 = 0.1057...; and yo = % = 0.57735...
with x2 = ¢g(y2) = 0, but none of these points (z1,y1) and (z2,y2) lies in the interior
of Q. Thus, the function h attains its maximum on the boundary of 2.

For z = 0 we have h(0,y) = 9y(1 — y?) < 2v/3 =3.4641... for y = .

For z = 1 we have h(l,y):—9y3—%+6§6fory:0.

For y = 0 we have h(z,0) = 22(—922 + 6x + 9) < 6 for x = 1.

For y = 1— 2% we have h(z,1—2?) = 322 (212" — 6622 + 16z + 45) =: r(z), with
r'(z) = —%2(z — 1) (2123 + 212% — 23z — 15) = 0 having unique solution on (0, 1),
7, = 0.948542. ... So, h(z,1 — x?) < 6.00376.. ..

Sl

For all the above analysis we can conclude that h(z,y) < 6.00376. .. for all (z,y) €
Q, ie., [H3(1)| < (8 +6.00376...) = 0.777987 ... ..

(73) Similarly as in (7) for a function f from S} we have that there exists a Schwarz
function w such that
2:£(:)  _1+w(z)
@)= f(=2)  1-w(z)’

ie.,
22f'(2)(1 — w(z)) = (f(2) = f(=2)) (1 + w(2)).
For f(2) = z 4+ a22? + a3z + - -+ and w(z) = c12 + c22? + c323 + -+, by equating
coefficients, we receive
az = ¢y,

asz = cz+c%,
1

ag = 3 (03 + 3cico + 20“;’) ,

1
as =5 (64 + 2¢1¢3 + Beteg + 2¢3 + 2(:‘11) )

and
Hs(1) = % (—c% + 2¢1c903 + A2 + 2c2¢4)
= i [—(c3 — c102)? + 2¢ic3 + 2eac4] -
Thus,
[H3(1)| < % (les = creal® + 2fer [*[ea]* + 2eal ea])
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and by applying Lemma 1.1 (x = —1 and v = 0) and Lemma 1.2:

1
[Hs()] < 7 (14 2]e1[Plea]? + 2] ea|(1 = |ex]? = |e2]?)]

1
=1 [1 = 2[e1[P|ea| (1 = Jea]) + 2[ea| — 2[eal?]
1

<3 [1 4 2[eo| — 2[ea]
1 n 1

= 4 3\/3'

(iii) If f € S¥, then for a Schwarz function w, Z}CES) = ¥ and zf(2) = () f(2).
Thus, for f(2) = z+az2?2+azz®+- -+ and w(z) = c12+c222 + 323+ - -, by equating
coefficients, we receive

as = Cq,
a —lc —|—§02
3_22 417

IR UORNET
a4—3 C3 20102 1261 s

1 7 10 , 19 ,
a5 = — | cy4 + =ci1c3 + clcz + 1802 + 01

4 3 3
and
H3(1) = %010203 — %cfc% + %c‘{@ + 413720103 ;cg — %C?
+ %(202 — c%)04
1 15 N 15 5, 17 4 13 13 4
=—3 <03 - 16C1C2> 256142 + 1321 <03 + 316102 ~ 20401>
+ %(202 — C%)C4
From here
[H3(1)] < é 3 — %sz 2 2156|C1| lcal® + 432!01!3 3+ ;—20102 - ﬁ 3
% (2|ea| + |e1]?)|cal-

Choosing (p,v) = (=5/16,0) € Dy and (u,v) = (32, —52) € Dy in Lemma 1.1 we
receive

13 13 4
c3 + —cie2

2 8l <q
34 2041 =

<1 and

15
c3 — —cic
87 16912
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respectively. This, together with the estimate for |c4| from Lemma 1.2 gives

|H3(1)| < é + %161’2|02|2 + %|C1|3 + %(2162’ +ler ) (1 = Jea]? = |eaf?)
Lttt S - Yot
— Sleol 4 leal? = feat?

8|02| +16161! 16|61|

<t - _ = 1— — - _ -
< 256‘61‘ |ca 16|01| 27|01|+\01\ 8\01\ |cal 8102!
1

- 72

since all other terms are negative.

(iv) Again, if f € Sy, then Z}cég) = w(z) ++/1 + w?(z) for some Schwarz function w,
and for f(z) = z4+a22® + a3z’ +--- and w(2) = c12+ 222 + 323 + - - -, by equating

the coefficients, we receive

az = ci1,
1 3,
as = 562 + ch,
a4 = E c3 + §c c2 + §03
4 — 3 3 2 162 4 1>
1 7 17 , s 2,
as =7 | + gclcg + gclcg +c3 + gcl ,
ie.,
1 5 231 11 5 7
Hg(l) = —§ <63 — 160102) — 27566%8% + mc‘i’ <03 -+ ﬁclcg — 446?)
Ll 1,
—|ea—=cf)c
3 2 2 1 4
So,
1 5 231 11 5
[Hs(D] < g s = ggerez) + ggglarlleal™+ gleales + qgeres = red

1 1
+ 3 (!02! + 2\01\2> |ca]

Now, Lemma 1.1 for (pu,v) = (—1%,0) € Dy and (p,v) = (%, —ﬁ) € D1 brings

5 7
c3 + —cico — —Ci’ <1,

<1 and
=4 A 11 =

C —ECC
3 1612
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which together with the estimate for |c4| from Lemma 1.2 implies

31 11 1 1
H . - 2, 3 4 e 2) (1= 1er 12 — 1eol?
H(1)] < &+ D ferPlesl? 4 L fer P+ 8<\c2\+2|cl|)< 12~ fesf?)
1 2 11 3 1 2 3
e Plesf? e+ el = Lealles] — Lo
1 1
+1—6|cll2——|cll4
- 1— _ - _ -
9+256\01HQ!+144101! g = lal”) = glalFlel - glel
1 2 1 4
+gglal” = glal
17 15 1 of g, 11 1
Sl 2ol ) = — = 1) - =
< ey |c2|( slal) = ggleal (leP = el +1) = gl
17
72

0

Estimates of the third Hankel determinant for classes S* and Sy ((#) and (iv) from
the previous theorem) were not given before, while estimates for classes S; and &
(0.26897 ... and 0.125 from (i7) and (7i7), respectively) are better then the currently
known obtained by Carathéodory functions (5/2 from [12] and 0.50047781 ... from
[19], respectively).
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