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PRIME DIVISORS OF 10’S FRIENDS: A GENERALIZATION OF

PRIOR BOUNDS

SAGAR MANDAL

Abstract. 10 is the smallest positive integer for which whether it is solitary or
friendly is still an open question in mathematics. In this paper, we provide upper
bounds for each of the prime divisors of a friend of 10. This paper is precisely a
generalization of a recent paper [4] in which necessary upper bounds for the 2nd,
3rd, and 4th smallest prime divisors of a friend of 10 have been proved. Further,
we establish better upper bounds for the 3rd, and 4th smallest prime divisors of
a friend of 10 than the bounds given in [4].

1. Introduction

A positive integer n other than 10 is said to be a friend of 10 if I(n) = I(10) = 9
5 ,

where I(n) is the abundancy index of n, which is defined as I(n) = σ(n)/n, where
σ(n) is the sum of positive divisors of n. The question ”Is 10 a solitary number?” has
attracted the attention of many authors [1, 4, 5, 8, 9]. In order to find a friend of 10,
J. Ward [9] proved that a friend n of 10 is a square having at least six distinct prime
divisors with 5 being the smallest prime divisor, further, he described properties
of some of the prime factors of n. In [1], the authors improved J. Ward’s results
by proving that a friend of 10 must have at least seven distinct prime divisors,
additionally, they provided necessary properties of a friend of 10. In [8], the author
proved that each friend of 10 has at least ten distinct prime divisors. In a recent
paper [4], the authors proved the following upper bounds for the second, third, and
fourth smallest prime divisors of friends of 10.

Theorem 1.1 ([4], Theorem 1, 2, 3). If n is a friend of 10 and if q2, q3, q4 are
the second, third, fourth smallest prime divisors of n respectively, then

7 ≤ q2 < ⌈7ω(n)
3

⌉
{
log

(
⌈7ω(n)

3
⌉
)
+ 2 log log

(
⌈7ω(n)

3
⌉
)}

,

11 ≤ q3 < ⌈180ω(n)
41

⌉
{
log

(
⌈180ω(n)

41
⌉
)
+ 2 log log

(
⌈180ω(n)

41
⌉
)}

,

13 ≤ q4 < ⌈390ω(n)
47

⌉
{
log

(
⌈390ω(n)

47
⌉
)
+ 2 log log

(
⌈390ω(n)

47
⌉
)}

,
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where ω(n) is the number of distinct prime divisors of n and ⌈.⌉ is the ceiling func-
tion.

In this paper, we modify these upper bounds and we give upper bounds for each
of the prime divisors of a friend of 10 by proving the following theorem.

Theorem 1.2. Let n be a friend of 10 and qr (r ≥ 2) be the r-th smallest prime
divisor of n. Then we have

qr < L{logL+ 2 log(logL)},

where

L = ⌈Aω(n)

B
⌉, A

B
>

1

36
25 ·

∏
4≤i≤r+1

(1− 1

pi
)− 1

(where pi is the i-th prime number),

A, B are positive integers with (A,B) = 1 and A
B ∈ Q+ \ Z+ such that AB(r − 2) +

2A+ B > B2.

Remark 1.1. Since A > B > 1, the condition AB(r − 2) + 2A + B > B2 in
the statement of Theorem 1.2 is redundant for r ≥ 3, and for r = 2 it reduces to
2A+ B > B2.

At the end of this note, we provide a proof of Theorem 1.1 as a consequence of the
above theorem. Further, as a corollary of the above theorem, we prove the following.

Corollary 1.3. Let n be a friend of 10 and q3, q4 be the third and fourth smallest
prime divisors of n respectively. Then we have

11 ≤ q3 < ⌈427ω(n)
100

⌉
{
log

(
⌈427ω(n)

100
⌉
)
+ 2 log log

(
⌈427ω(n)

100
⌉
)}

,

13 ≤ q4 < ⌈41ω(n)
5

⌉
{
log

(
⌈41ω(n)

5
⌉
)
+ 2 log log

(
⌈41ω(n)

5
⌉
)}

.

Observe that, A > B > 1 and since a friend say n of 10 must have ω(n) > 3, thus

⌈Aω(n)
B ⌉ > 3. Also, note that, log(⌈Aω(n)

B ⌉) + 2 log log(⌈Aω(n)
B ⌉) > 0, for Aω(n)

B > 3,

is an increasing function of Aω(n)
B . Since ⌈.⌉ is an increasing function, it follows that

⌈Aω(n)

B
⌉
{
log(⌈Aω(n)

B
⌉) + 2 log log(⌈Aω(n)

B
⌉)
}

is an increasing function of Aω(n)
B , for Aω(n)

B > 3. Since 427ω(n)
100 < 180ω(n)

41 and
41ω(n)

5 < 390ω(n)
47 we have

q3 < ⌈427ω(n)
100

⌉
{
log

(
⌈427ω(n)

100
⌉
)
+ 2 log log

(
⌈427ω(n)

100
⌉
)}

< ⌈180ω(n)
41

⌉
{
log

(
⌈180ω(n)

41
⌉
)
+ 2 log log

(
⌈180ω(n)

41
⌉
)}
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and

q4 < ⌈41ω(n)
5

⌉
{
log

(
⌈41ω(n)

5
⌉
)
+ 2 log log

(
⌈41ω(n)

5
⌉
)}

< ⌈390ω(n)
47

⌉
{
log

(
⌈390ω(n)

47
⌉
)
+ 2 log log

(
⌈390ω(n)

47
⌉
)}

.

This shows that, Corollary 1.3 provides better upper bounds for the prime divisors
q3 and q4 of n than the bounds given in Theorem 1.1.

2. Properties of Abundancy Index

The following are some of elementary properties [3, 10] of the abundancy index.

(1) I(F ) is weakly multiplicative, that is, if F and G are two coprime positive
integers, then I(FG) = I(F )I(G).

(2) If α, F are two positive integers and α > 1, then I(αF ) > I(F ).
(3) If p1, p2, p3, . . . , pn are n distinct prime numbers and α1,α2, . . . , αn are pos-

itive integers, then

I

( n∏
i=1

pαi
i

)
=

n∏
i=1

( αi∑
j=0

p−j
i

)
=

n∏
i=1

pαi+1
i − 1

pαi
i (pi − 1)

.

(4) If p1, . . . , pn are distinct prime numbers and if q1, . . . , qn are distinct prime
numbers such that pi ≤ qi for all 1 ≤ i ≤ n, then for positive integers
l1, l2, . . . , ln we have

I

( n∏
i=1

plii

)
≥ I

( n∏
i=1

qlii

)
.

(5) If F =
n∏

i=1

pαi
i , then I(F ) <

n∏
i=1

pi
pi − 1

.

In order to prove our main theorem, we are required to use the following theorem.

Theorem 2.1 ([7]). If pn is n-th prime number, then

pn < n(logn+ 2 log logn)

for n ≥ 4.

3. Proof of Theorem 1.2

Let

n = 52a1 ·
∏

2≤i≤ω(n)

q2aii

be a friend of 10. At first, we shall prove that qr must be strictly less than pL (pL
is the L-th prime number), where

L = ⌈Aω(n)

B
⌉, A

B
>

1

36
25 ·

∏
4≤i≤r+1

(1− 1

pi
)− 1

(where pi is the i-th prime number),
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A, B are positive integers with (A,B) = 1 and A
B ∈ Q+ \ Z+ such that AB(r− 2) +

2A + B > B2. Then by Theorem 2.1, we shall have our desired result. If possible,
suppose that, qr ≥ pL. Since q2 ≥ 7 = p4, q3 ≥ 11 = p5, . . . , qr−1 ≥ pr+1, we have
from Properties 4 and 5

I(n) ≤ I

52a1 · p2a24 · p2a35 · · · · p2ar−1

r+1 ·
∏

r≤i≤ω(n)

p2aiL+i−r


<

5

4
·

∏
4≤j≤(r+1)

pj
pj − 1

·
∏

r≤i≤ω(n)

pL+i−r

pL+i−r − 1
.

Thanks to Remark 3.3 [4] for confirming

I(n) <
5

4
·

∏
4≤j≤(r+1)

pj
pj − 1

·
∏

r≤i≤ω(n)

L+ i− r

L+ i− r − 1

=
5

4
·

∏
4≤j≤(r+1)

pj
pj − 1

· L+ ω(n)− r

L− 1
. (1)

We shall prove that for any ω(n) ∈ Z+, the following inequality holds

L+ ω(n)− r

L− 1
<

A+ B
A

.

Since A
B ∈ Q+\Z+, we can write A = Bk+µ, where k, µ ∈ Z+ and µ ∈ {1, . . . ,B−1},

also note that (B, µ) = 1 as (A,B) = 1. Therefore,

L+ ω(n)− r

L− 1
=

(k + 1)ω(n)− r + ⌈µω(n)B ⌉
kω(n)− 1 + ⌈µω(n)B ⌉

.

We now consider the following two cases, where we essentially observe the behavior
of

(k + 1)ω(n)− r + ⌈µω(n)B ⌉
kω(n)− 1 + ⌈µω(n)B ⌉

,

based on the divisibility of ω(n) by B.

Case-1:
If B does not divide ω(n), then µω(n)

B ̸∈ Z+ as (B, µ) = 1 and so

(k + 1)ω(n)− r + ⌈µω(n)B ⌉
kω(n)− 1 + ⌈µω(n)B ⌉

=
(k + 1)ω(n)− r + 1 + µω(n)

B − {µω(n)
B }

kω(n) + µω(n)
B − {µω(n)

B }

=
(Bk + B + µ)ω(n) + (1− r)B − B{µω(n)

B }
(Bk + µ)ω(n)− B{µω(n)

B }

=
(A+ B)ω(n) + (1− r)B − B{µω(n)

B }
Aω(n)− B{µω(n)

B }
.
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Note that, for any positive integer Q such that B does not divide Q, we can write
Q = Bq+v, where q ∈ Z≥0 and v ∈ {1, 2, . . . ,B−1}. Therefore, choosing Q = µω(n),

we get {µω(n)
B } ∈ { 1

B ,
2
B , . . . ,

B−1
B } and thus,

1 ≤ B{µω(n)
B

} ≤ B − 1

that is,

(A+ B)ω(n) + (1− r)B − B{µω(n)
B

} ≤ (A+ B)ω(n) + (1− r)B − 1 (2)

and

Aω(n)− B + 1 ≤ Aω(n)− B{µω(n)
B

}. (3)

Using inequalities (2) and (3), we get

(A+ B)ω(n) + (1− r)B − B{µω(n)
B }

Aω(n)− B{µω(n)
B }

≤ (A+ B)ω(n) + (1− r)B − 1

Aω(n)− B + 1
.

Let us define ϕ : [1,∞) → R by ϕ(t) = (A+B)t+(1−r)B−1
At−B+1 . Observe that,

ϕ′(t) =
AB(r − 2) + 2A+ B − B2

(At− B + 1)2

as AB(r − 2) + 2A + B > B2, we have ϕ′(t) > 0 and thus ϕ is a strictly increasing
function of t in [1,∞). Since limt→∞ ϕ(t) = A+B

A , we have ϕ(t) < A+B
A for all

t ∈ [1,∞). In particular, setting t = ω(n) we get

(A+ B)ω(n) + (1− r)B − 1

Aω(n)− B + 1
<

A+ B
A

,

that is,
L+ ω(n)− r

L− 1
<

A+ B
A

.

Case-2:
Let us consider the case when B divides ω(n) then µω(n)

B ∈ Z+. Therefore,

(k + 1)ω(n)− r + ⌈µω(n)B ⌉
kω(n)− 1 + ⌈µω(n)B ⌉

=
(k + 1)ω(n)− r + µω(n)

B

kω(n)− 1 + µω(n)
B

=
(Bk + µ+ B)ω(n)− Br

(Bk + µ)ω(n)− B

=
(A+ B)ω(n)− Br

Aω(n)− B
.

Let us define τ : [1,∞) → R by τ(t) = (A+B)t−Br
At−B . Note that

τ ′(t) =
ABr −AB − B2

(At− B)2

as r ≥ 2 and A > B, AB(r − 1) − B2 > AB(r − 1) − AB = AB(r − 2) ≥ 0, it
follows that τ ′(t) > 0 and thus τ is a strictly increasing function of t in [1,∞). Since
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limt→∞ τ(t) = A+B
A , we have τ(t) < A+B

A for all t ∈ [1,∞). In particular, setting
t = ω(n) we get

(A+ B)ω(n)− Br
Aω(n)− B

<
A+ B
A

,

which immediately implies that

L+ ω(n)− r

L− 1
<

A+ B
A

.

Thus, for ω(n) ∈ Z+, we have

L+ ω(n)− r

L− 1
<

A+ B
A

. (4)

From (1) and (4), we get

I(n) <
5

4
·

∏
4≤j≤(r+1)

pj
pj − 1

· A+ B
A

=
5

4
·

∏
4≤j≤(r+1)

pj
pj − 1

· (1 + B
A
)

since we are given,
A
B

>
1

36
25 ·

∏
4≤i≤r+1

(1− 1

pi
)− 1

,

we get

I(n) <
5

4
·

∏
4≤j≤(r+1)

pj
pj − 1

· (1 + B
A
)

<
5

4
·

∏
4≤j≤(r+1)

pj
pj − 1

· 36
25

·
∏

4≤i≤r+1

(1− 1

pi
) =

9

5
.

Therefore, n cannot be a friend of 10 as I(10) = 9
5 . Hence, we must have qr < pL.

This completes the proof. □

4. Alternative Proof of Theorem 1.1

For q2, choose A = 7 and B = 3, then A
B > 25

11 , therefore applying Theorem 1.2
we get

q2 < ⌈7ω(n)
3

⌉
{
log

(
⌈7ω(n)

3
⌉
)
+ 2 log log

(
⌈7ω(n)

3
⌉
)}

.

For q3, choose A = 180 and B = 41, then A
B > 175

41 , therefore applying Theorem 1.2
we get

q3 < ⌈180ω(n)
41

⌉
{
log

(
⌈180ω(n)

41
⌉
)
+ 2 log log

(
⌈180ω(n)

41
⌉
)}

.
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For q4, choose A = 390 and B = 47, then A
B > 385

47 , therefore applying Theorem 1.2
we get

q4 < ⌈390ω(n)
47

⌉
{
log

(
⌈390ω(n)

47
⌉
)
+ 2 log log

(
⌈390ω(n)

47
⌉
)}

.

This completes the proof. □

5. Proof of Corollary 1.3

For q3, set A = 427 and B = 100, then A
B > 175

41 , therefore applying Theorem 1.2
we get

q3 < ⌈427ω(n)
100

⌉
{
log

(
⌈427ω(n)

100
⌉
)
+ 2 log log

(
⌈427ω(n)

100
⌉
)}

.

For q4, set A = 41 and B = 5, then A
B > 385

47 , therefore applying Theorem 1.2 we get

q4 < ⌈41ω(n)
5

⌉
{
log

(
⌈41ω(n)

5
⌉
)
+ 2 log log

(
⌈41ω(n)

5
⌉
)}

.

This completes the proof. □

6. Conclusion

In order to find a friend n of 10 having exactly m distinct prime divisors, we
can apply Theorem 1.2 to get upper bounds for all m distinct prime divisors of n,
thereafter, we can consider all the possible combinations of prime divisors of n one
by one to check whether any of the possible combinations of prime divisors of n can
give abundancy index exactly equal to 9

5 . The solitariness status of 10, 14, 15, 20 and
many others is still unknown to us. Moreover, computer searches [6] confirm that a
friend of 10 must be strictly larger than 1030.
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