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THE QUENCHING FOR A NONLINEAR DIFFUSION EQUATION
WITH NONLINEAR SINGULAR BOUNDARY CONDITION:
NUMERICAL APPROXIMATION

ANOH ASSIEDOU RODRIGUE?!, DIABATE TCHILOMIAN PATERNE ARMAND?, CAMARA
GNINLFAN MODESTE? AND TOURE KIDJEGBO AUGUSTIN*

ABSTRACT. This paper is concerned with the study of the numerical approxima-
tion for the following nonlinear diffusion equation G\PTS;L) = Uge + f(2)(1 —u)7P,
0 <z <1,t>0, with a nonlinear singular boundary flux u(0,t) =0,

ue(1,t) = —g(u(1,t)), t > 0 and an initial solution u(z,0) = uo(z), 0 <z < 1. We
use the finite differences method to obtain the semidiscrete scheme. We find some
conditions under which the solution of the semidiscrete form obtained quenches
in a finite time and estimate its semidiscrete quenching time. We also establish
the convergence of the semidiscrete quenching time to the theoretical one when
the mesh size tends to zero. Finally, we give some numerical experiments for a
best illustration of our analysis.

1. INTRODUCTION

We consider the nonlinear diffusion equation with nonlinear singular boundary
flux

8\I(;iu):uw—h]‘"(x)(l—u)p, 0<z<l1,t>0, (1.1)
Uz (0, 1) = 0,us(1, 1) = —g(u(1,1)), >0, (1.2)
u(z,0) =ug(z), 0<z<1, (1.3)

where ¥ is an appropriately smooth, concave and strictly monotonically increasing

function which satisfies ¥(0) = 0, (1) = 1, g satisfies g(s) > 0, ¢'(s) <0, ¢"(s) > 0,

for s > 0, lim+ g(s) = +oo, f is a continuous function such that f(z) > 0, f'(x) < 0,
5—0

ug : [0,1] — (0, 1) is smooth enough and nonincreasing and p is a positive constant.

When ¥(u) = u™, the problem (1.1)—(1.3) is known as the classical porous
medium equation which shows a number of physical phenomenon in the nature
such as the flow of an isentropic gas through a porous medium ([7], [10]) and heat
transfer or diffusion [13].

Definition 1.1. We say that the solution u of the problem (1.1)—(1.3) quenches
in a finite time if there exists a finite time T}, such that ||u(.,t)||« < 1 for t € [0,T})
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but tlir;lq llu(-st)||o = 1, where |Ju(.,t)]|cc = 0?3%(1‘u(x’t)|' The time Tj, is called

quenching time of the solution w.

The problem (1.1)—(1.3) has been a subject of investigation by the authors of [6].
They show that the solution w of this problem quenches in a finite time and the time
derivative blows up at a quenching point. They finish their study by estimating the
lower bound of the quenching time.

Before them, Yang [14] studies the quenching phenomenon of the following non-
linear diffusion equation with nonlinear source and singular boundary flux

agi“) g+ (1—u)™, O<a<1,t>0, (1.4)
uz(0,t) = 0,u,(1,t) = —B(u(1,t)), t>0, (1.5)
u(z,0) =ugp(z), 0<xz<1, (1.6)

with A and B having respectively the same properties as the functions ¥ and g
of (1.1)-(1.3) and a > 0. He shows that the solution u of (1.4)—(1.6) quenches in
finite time 7}, and = = 0 is the unique quenching point. He also shows that the time
derivative u; blows up at the quenching point and he gives a lower bound of the
quenching time.

Other particular cases of problem (1.1)—(1.3) were also the subject of investiga-
tion (see [4], [12] and references therein). However the numerical study remains
unexploited. We will therefore investigate the case of a semidiscrete approximation.
For this, we will refer to the following works ([2], [3], [5], [8], [11],...)-

The problem (1.1)—(1.3) may be rewritten in the following model
up = o(u)ugg + a(u) f(x)(1—u)™P, 0<z<l1,t>0, (1.7)
uz(0,t) = 0,uz(1,t) = —g(u(l1,t)), t>0,
u(z,0) =ug(z), 0<z<1,

where a(u) = T (a)
1
Let I > 2 be an integer and let k = —. Define the grid x; = ik, 0 < i < [ and

approximate the solution u of problem (1.7)—(1.9) by the solution U (t) = (Uy(t),
Ui(t), ..., Ur(t))T and the initial condition ug in (1.9) by the initial condition ¢, =
(©0, @1, -, 01)T of the following semidiscrete equations

dUc?t(t) = a(Uo(t))3%Us(t) + foc(Un(1))(1 — Up(t)) 77, (1.10)
d[g;t) — a(Ui()82U;(t) + fia(U;()(1 —Us()™P, 1<i<I—1,  (1.11)
dU;t(t) = a(Ur(t))0%Ur(t) — 2O‘(if(t))g(U[(t)) + fra(Ur(t)(1 = Ur(t))7P, (1.12)

UZ(O) =p; >0, 0<i< 1, (1.13)
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where Ui () — 2U;(t) + Uiy (1
st = L) = kﬁf” =0y ciero,
2UL(1) — 200 (t) 2Ur-1(t) — 2Us (1)
62U0(t) = k2 ’ 62U[(t) = k2 )
5*%=W, 5t <0, 0<i<I—1,

a(U;(t)) is an approximation of a(u(z;,t)) and f; is an approximation of f(z;),
0<i <L

In the next section, we present some lemmas which will be used throughout the
paper. In section 3, we study the convergence of the semidiscrete solution. In section
4, under some conditions, we prove that the solution of the semidiscrete form of
(1.7)—(1.9) quenches in a finite time and we study the convergence of the numerical
quenching time. Finally, in last section, we give some numerical experiments.

2. PROPERTIES OF THE SEMIDISCRETE SOLUTION

In this section, we give some lemmas which will be used later.
Lemma 2.1. Let yx(t) € C°([0,T),R*1Y), ox(t) € CO([0,T),REY) and Vi (t) €
CH([0,T),RI*L) such that
dVi(t)

7 — 0i()0?Vi(t) + xi()Vi(t) >0, 0<i<I, te[0,T),

Vi(0) >0, 0<i<I.
Then Vi(t) >0, 0<i<1I,tel0,T).

Proof. Let Ty < T. Define the vector ®(t) = eV, (t) where ) is such that x;(t) —
A>0forte[0,Tp],0<i<I.

Let m = min ®,(t). Vi € {0,...,I}, ®;(t) is continous on the compact
0<i<I,0<t<Tpy

[0, To]; there exists ig € {0,..., I} and to € [0, Tp] such that m = ®;,(¢o).
We observe that:

d®;, (o) D (to) — Py (to — 1)

g pm - <0, 0<ig <1, (2.1)
§2®;, (tg) = Pig+1(to) = 2@2§t°) +®i1llo) oo g <<, (2.2)
52, (1) = ~2110) ;22%(750) >0, ig=0, (2.3)
32, (tg) = 2%‘1“02; 201lto) & gy = 1. (2.4)
Moreover, by a straightforward computation, we get
d(}@ftO) — 0y (t0)0%®;, (to) + (Xio (to) — N4y (to) > 0. (2.5)

Using (2.1)—(2.4), we deduce from (2.5) that (xi,(to) — A) P4, (o) > 0, which implies
that ®;,(to) > 0. We deduce that Vi(t) > 0, Vt € [0, Tp] and the proof is complete.
O
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Lemma 2.2. Let Vi(t), Wi(t) € C([0,T),R*) and j € C°(R,R) such that
Vt€[0,T) and 0 <i <1,
avi(t)
dt

, dWi(t ,
a8V +50G®) < T awie)swie) + ). (26)
Vi(0) < W;(0). (2.7)
Then Vi(t) < Wi(t), 0 <i < I, t € [0,T].
Proof. Let X (t) a vector such that X;(t) = W;(t) — Vi(t) and let ¢, be the first
t > 0 such that X, (t) > 0, Vt € [0,t) but X;,(t9) = 0 for a certain ig € {0, ..., [}.
We observe that:
dXig(to) _ . Xio(to) — Xiy(to — 1)
—2— = lim
dt h—0 h
62X, (tg) >0, 0<ig<I.

<0, 0<i <,

Which implies that

(W—“% (0))6° X (to) = (Big (t0)) Xig (t0)5° Wig (t0)+5 (Wig (t0)) =3 (Vig (o)) < 0

and

dvgi(t) — a(Wi(0)§*Wi(t) + j(Wi(t)) < — (Vi) Vilt) + 5 (Vi(t)),

where 0;, is an intermediate value between V;, and W;,. This inequality contradicts

(2.6) which ends the proof. O

Lemma 2.3. Let Uy, be the solution of (1.10)~(1.13). Then we have fort € [0, TF)
and 0 <i<T-1,

dVi(t)
dt

Uz(t) > Ui+1(t).
Proof. Introduce the vector Y (¢) such that Y;(t) = U;(t) — Uj+1(t) for t € (O,th),
i € {0,...,1 — 1}. Let tg, be the first ¢ > 0 such that Y; (¢) > 0, V¢t € [0,%y) but
Yi, (to) = 0 for a certain iy € {0, ..., — 1}. Without loss of generality, we suppose
that 7y is the smallest integer checking the inequality above. We observe that

dY;o (to) — ] }/io (to) - }/;'O (to - h)
— = 111N
dt h—0 h
6%, (to) >0, 0<ig<I—1.

Moreover, by a straightforward computation, we get

<0, 0<ip<I—-1,

(W_O‘(Uio (t0))[6*Yiy (to)+(fio — fior1) (1=Uiy(t0)) P+pfig41(1=Usy(to)) P~ Vi (t0)]
+0 (@i (t)) [0°Uig+1(to) = fio+1(1 = Usg1(t0)) 7] Yig (to) < 0,0 <iip < I -2,

dYIZii(tO) — a(Ur-1(t)) [0*Yr-1(to) + %Q(UI) + (fr-1 = f1) (1 = Ur(to)) ™"

—pa(Ur—1(to)) fr-1(1 = Us(to)) P~ Yi_1(to) + o (w1 (t0))5°Us—1(t0)Y1-1(to)
+Oé,(wI(t0))f[,1(1 — Ujfl(to))_pY[,l(to) <0,

where w;, is an intermediate value between U;, and Uj,4+1. But these inequalities
contradict (1.10)—(1.12) and this proof is complete. O
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Lemma 2.4. Let Uy, be the solution of (1.10)—(1.13). Then we have

dU;(t)
dt

>0, 0<i<I, te(0,T)).
. dU;(t) N
Proof. Consider the vector Z(t) such that Z;(t) = prat te(0,Ty),i€A{0,...,1}.

Let to, be the first ¢ € (O,T(f) such that Z;,(t) > 0, Vt € [0,tp) but Z;,(to) < 0 for a
certain ig € {0, ..., I}. Without loss of generality, we suppose that ip is the smallest
integer checking the inequality above. We observe that

dZ;, (to)

iy Zio (to) — Ziy(to — h)
dt h—0 h

<0, 0<iy<I,

62Z;,(to) >0, 0<ig<I.
Moreover, by a straightforward computation, we get

dZi;,EtO) — (8%Uiy (to) + fio (1 = Uiy (t0)) ) &/ (Usy (to)) Zig (to) —

(6%Zio (to) + P fio (1 = Uiy (t0)) P~ Ziy (t0)) Uiy (t0)) < 0,0 <iip < T —1,

dZ(to)
dt

- (PUsten) + 150 - Uito)) ™ = alUrtea) ) ' Ur(r0) Zrtt)

~ (8221000 + A1 = U0 7 Z1lt0) = 3/ U0 Z1(t) ) U] < 0

but these inequalities contradict (1.10)—(1.12) and this proof is complete. O

Lemma 2.5. Let Uy, € RI* such that || Ukl < 1 and let p be a positive constant.
Then, we have

(1 -U)"P>p(l-U) P 15%U;, 0<i<I.

Proof. Let us introduce f(s) = (1 — s)”P. We observe that f is a convex function
for nonnegative values of s. Apply Taylor’s expansion to obtain

(U1 — Up)?

8 f(Uo) = f'(U0)8*Uo + 2

f//(eo)

/ Uia1—U; 2 U_1—U; 2
2F(U) = f/(U)6*U; + (+;hz> (U1 — U)?

573 f"(m), 1<i<I—1.

f"(6:) +

TRy
2 1(wn) = rnevy+ P iy

where 6; is an intermediate between U; and U;y1 and 7; the one between U;_; and
Ui. We use the fact that ||Ug||cc < 1 to complete the proof. O
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3. CONVERGENCE OF SEMIDISCRETE SOLUTION

Theorem 3.1. Assume that the problem (1.7)-(1.9) has a solution u € C*([0, 1] x

[0,T]) such that sup |Ju(.,t)|lcc = ¢ < 1. Suppose that the initial data at (1.13)
te[0,7)
verifies

llor — uk(0)||oo = 0(1) as k — 0. (3.1)
Then, for k small enough, the semidiscrete problem (1.10)-(1.13) has a unique so-
lution Uy € C*([0,T], R such that

max ||Uk(t) — uk(t)||oc = O([lor — uk(0)[|oc + k) as k — 0,
t€[0,T

where T < min{T,; T}'}.
Proof. Since u € C*1([0,1] x [0,T]), there exists a positive constant & such that

—— < — <. 2
g =¢ and 2 =t (3:2)

The problem (1.10)—(1.13) has for each k, a unique solution U € C1([0,T], RI*1).
Let t(k) < T the greatest value of t > 0 such that there exists a positive constant
(with ¢ < 8 < 1) such that

1U(8) = () oo for ¢ € (0,4(k)). (3.3)

The relation (3.1) implies that ¢(k) > 0 for k£ small enough. By the triangular
inequality, we obtain

1Uk(B)lloe < [Ju(; )lloc + Uk(t) — ur(t)|loo for t € (0,¢(K)),
which implies that

B¢
< 2

1Tk ()]ls0 < ¢ + % = % <1, for t € (0,t(k)). (3.4)

Let Ej(t) = Uk(t) — ui(t) be the error of discretization. Using Taylor’s expansion,
we get
2u(xy,t) — 2u(xo, t)

12 + f(zo)a(u(zo, t))(1 — u(zg, t)) P—

ug(zo,t) = au(xg,t))

12

u(azi“, t) — QU(IL’Z', t) + u(a;i_l, t)
k2 +
flz)a(u(z;,t)(1 — u(z;,t) P — a(u(xi,t))lf;umm(izi,t), 1<e<TI -1,

2
o(u(zo, 1) <I§umx(35o,t) + kumm(ig,t)> ,

ur(xi, t) = a(u(z;,t))

2udioast) 220 2y, ) g e, 1)+

2
flepa(u(zr, t)(1 —u(xr, t) P + a(u(zr, t)) (];uxm(ij,t) — Zumm(i’[,t)> .

ug(xr,t) = a(u(zr,t))
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Which implies that

dfi?t(” — a(ulzo, )52 Eo(t)+

[pfocu(u(zo, £))(1 = Bo(t) P~ + foo (110(t)) (1 — Uo( )P + o (10 (t))8*Uo (1) Eo(t)+

2

(fo—f(zo))e(u(zo, t))(1—u(xo, 1)) +a(ulzo, t)5 um( s t)Fa(u (Sﬂoat)%uxm(io,t)a

dE;(t)
2 — a(uli, ) Ei(t)+

[pfio(u(z,t))(1 = B;(t) P~ + fie! (ni() (1 = Ui(8)) P + o/ (1:(t))8* Ui ()] B (t)

2
+(fi — f(@i))a(u(ws, 1)) (1 — u(wi, 1) 7P + a(u(z;, t)%umm(i‘z, t),
1<i<I-—1,

P e, )8 B (1)
I frox(ua, 0)(1 ~ Br ()7~ + frol (e ()1~ Ur(0) "~
2001:0) 1y ) — 2O (07,0 + o s ()20 () 1 1)

+(f1 = flen))a(u(zr, 1) (1 —u(er, 1) — a(u(er, t)gum(iz, t)

2

k

Using (3.2), (3.4) and taking into account that f is a continuous function, there
exist M and N nonnegative constants such that

= Uzzax (:1717 t)

E
- ;t(t) — §°Eo(t) < M|Eo(t)| + Nk,
dEdit(ﬂ _52Ei(t) < M|E;(t)| +Nl<:2, l<i<I—1,
M
dE;zt(t) — §%E(t) < ?|E1(t)| L NE.

Let H € C*'(]0,1],[0,T]) be such that
H(z,t) = eMFDHE D (1600 (0)]|oo + NE)

where d is a nonnegative constant. A simple calculation give

d}?;(t) _ §2Hy(t) > M|Ho(t)| + NE,

H,

ddzt(t) — 62H(t) > MIH;(t)] + Nk, 1<i<I—1,
H M
ddft(t) ~ B H (1) > S|y (1)] + N,

Hy(0) > Ei(0), 0<i<I.
From Lemma 2.2, we obtain
H;(t) > E;i(t),t € (0,t(k)), 0<i<I.
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By analogy, we also prove that
Hi(t) > —E;(t),t € (0,t(k)), 0<i<I.
Hence we have
H;(t) > |E;(t)|,t € (0,t(k)), 0<i<I.
We deduce that
1U() = u(®)lloo < (o = ur(0)lloo + NE)eMFVH ¢ (0,4 (k).

Next we prove that t(k) = T. Suppose that t(k) < T. From (3.3), we obtain

% < |U(t(R)) = ur(t (k) loo < (lox — 1k (0) oo + Nk)eMHDTH,
Since (||or — uk(0)]|oo + Nk)eM+TDT+Hd 5 0 a5 k& — 0, we deduce that s ; ¢ <0,
which is impossible. Hence we have t(k) = T, and the proof is complete. O

4. SEMIDISCRETE QUENCHING TIME AND CONVERGENCE

In this section, we show that under some assumptions, the solution Uy, of (1.10)—
(1.13) quenches in a finite time and estimate its semidiscrete quenching time.

Theorem 4.1. Let Uy be a solution of (1.10)-(1.13), and assume that there exist
a nonnegative constant T € (0,1] such that the initial data at (1.13) satisfies

a(pi)0%pi + @) fi(l— @) P >7(1—¢)™?, 0<i<I-—1, (4.1)

a(er)d®er + aler) fr(l — @)™ — zagfﬂg(w) >7(1 =) ", (4.2)

Then, the solution Uy, quenches in a finite time T(f and we have the following estimate

o (1= lokloc)? !
= 1(p+1)

Proof. Let [0, T(f) be the maximal time interval on which ||Ug||ec < 1. We consider
the function Gi(t) defined as follows

Gi(t) = d%’t(t) —r(1=U(®)™, 0<i<I, [0,TF). (4.3)
By a straightforward computation we get
G a6 = 5 (T - a0 +
o Ux(0) D 207, 1) — mp(1 - U

Ta(Ui(t)0%(1 = Us(t))™P, 0<i<I.
Since 76%(1 — U;(t))™P > pr(1 — U;(t))P~16%2U5(t), 0 < i < I, we get

G ewran 2 i (TG —eworno)
+a’(Ui(t))d%t(ﬂ52Ui(t) —71p(1 — Ui(t))pldzzt(t)
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+rpa(Ui(1))(1 — Ui(1) P18 Us (),

Gl —awmre = 4 (T - awmrvo)

o~ ) (YD s

dt
—i—a’(Ui(t))d[gt(t)&QUi(t), 0<i<I.
For i € {0,...,1 — 1}, we get
) o U,)8261) > fik [aU0)(1 ~ V1) 7] -

firp(L— Ui(0) P a(UH)(1 ~ i) * + o/ (W) o 20,

For ¢ = I we get

G — awiyweito = 5 (fra@io)a - viw) - 20y, 0))
“rp(t = Us(0) 7 | fra@ie)(1 - v 7~ 2 g0

+a'(U,(t))dUét(t) 52U (1),

Which implies that
L)~ a@)6i0) 2 phavO)1 - Uiy [ 1= ) 7]

—i—a’(Ui(t))d%t(t) (°U;(t) + (1 —U;(1))?), 0<i<I-—1,

L) U 1)0Gr() 2 phralUr (1) (1~ Ur() 7~ (dﬁf” —r(1- U1<t>>‘p)

+al () D (#030) + 110~ U0~ 2ol 0) +

%a(UI(t)) (pr(l — Uy ()P g(Us (1)) — gl(Uf(t))d(gt(t)> '

Finally, we get
) Ui 0)5°Gu(t) 2 paUi() (1~ Ui) 7 Gile), 0<i <L

dt
From (4.1)—(4.2), we observe that G;(0) > 0 for 0 < ¢ < I . We deduce from

Lemma 2.1 that G;(t) > 0, 0 <4 < I. Which implies that
dU;(t) > (1 = Ui(t)) Pdt, 0<i<I, t€[0,T)).

These inequalities can be rewritten as follows
(1= Ui(t))PdU;(t) > 7dt, 0<i<I, te0,T)).
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Integrating the above inequalities over the interval (¢, T(f), we get

(1= Ui(t)P*

TF —t < , 0<i<I, telo,TF). 4.4
q — T(p+1) >t [ q) ( )
Taking t = 0 and ¢ = 0, we obtain:
Tk < (1= po)P*!
T Tlp+1)

Using the fact that ||¢g|lcc = o thanks to the Lemma 2.3, we get:
I A
B R
We have the desired result. il

Remark 4.1. By replacing ¢ by ¢y and ¢ by 0 in (4.4), we obtain

(1 — [1Uk(t0)lloo)”*

TF ¢y <
0= T(p+1)

q

, to € [07T§)7

and )
|Uk(t0)]]oc <1 — Q1(qu —1p) P+,

where Q1 = (7(p+ 1))17%1

The Remark 4.1 is crucial to prove the convergence of the semidiscrete quenching
time.

Theorem 4.2. Suppose that the solution w of problem (1.7)-(1.9) quenches in a
finite time T, such that u € C*1([0,1]x[0,T,)) and the initial data at (1.13) satisfies
ok — ur(0)]|loo = 0(1) as k —> 0. (4.5)
Under the assumptions of Theorem 4.1, the solution Uy of (1.10)—(1.13) quenches
i finite time T(f and we have
. ko
]il_rf(l) ;7 =15
Proof. Set 0 < e < % There exists n = 5 — ¢ (with 0 < { < 8 < 1) such that

(1—)Pt!

T(p+1) =

€

S oeli-n). (4.6

Since lim |lu(.,?)||cc = 1, there exists a time 71 < T}, and |T;, — T} | < % such that
t=Ty

1-2 <|lu(.,t)|lcc < 1fort e [T1,T;). From Theorem 3.1, the problem (1.10)-(1.13)
has for each k, a unique solution Uy such that [|[Ug(t) — ug(t)]|co < g for t € [0, T%]

where Ty = % Using the triangle inequality, we get
10k loe = (s 8)loo = UE) = un(B)lloo > 1 = 5 = for : ¢ € [T}, Th]

which implies that
Uk()||oo > 1—mn: for :te[Th, Ty
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From Theorem 4.1, U quenches in a finite time T(f. We deduce from Remark 4.1

and (4.6) that

(1 = Uk(T1)]loc)?*
T(p+1)

|T§—T1|§ <

9

N | ™

which implies
e €
T3 =T < ITy =T + T =Tyl < 5 + 5 <+,
and the proof is complete. O

5. NUMERICAL TESTS

In this section, we present some numerical approximations of the quenching time
1
of the problem (1.4)—(1.6) in the case where ¢; = 0.7 — i(ik)‘l, fi = (1 +ik)™95,
Umya-p

a(U-(n)) = (ZB, g(U(n)) = (Ui(n))*E,O <i<Iwhere0 < <1ande>0.

Firstly, we consider the following explicit scheme
UG Z G 4 ) 4 k1 - ),

Ui(n+1) = %(n)Ui(n) + bg")(Ui(fi + Uz'(j:)ﬂ + an)(l - Uz'(n))_pv Il<i<I-—1,

U _ G | g (g pry-p gl gy,

7

where
(n)y(1-B8)
(n) _ U;)
(Ii —1—2AtnT, 0<’L<I7 ’I’l>07
(n)y(1-B)

) — A Ui )7 <i<I >
b, t, k2 , 0<14 , n>0,
(n) U™)1-6)

¢ = fiAte L 0<i<I, n>0,

k2 n
At¢ = min {2, K(1— |U )HOO)PH} .
We also consider the implicit scheme

Uén) _ nén)Uén-l-l) + 2?9(()71)[]1(71-1—1) + C(()n)(l . U—On))_p7
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Ui(n) = Uz(n)Uz'(nH) + ﬁgn)(Uz'(ELl) + Uz‘(ﬁrl)) + %'(n)(l - Ui(n))_p> 1<i<T -1,

) — g D) | og D) | ) grly=p | o)y

U0 =g, 0<i<lI,

where
(n) (U™)-5)
n =1+ 2At, lﬁkz , 0<i1<I, n>0,
(n)y(1-8)
ﬁﬁ”)——Atn(UlmiQ . 0<i<I, n>0,

"o

a}n) = 2A\t, Bk

; n =0,

Aty = K2(1 = U o).

In the following tables, in rows, we present the numerical quenching times, the

numbers of iterations and the orders of the approximations corresponding to meshes
n—1

16,32, 64,128,256, 512. The numerical quenching time 7" = » ~ At; is computed at
§=0
the first time when
|Tn+1 _ Tn| < 10—16‘
The order s of the method is computed from
s log((Tur, — Tog)/ (Tor, — Tk))
log(2) '
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TABLE 1. Numerical
quenching times obtained
with the explicit Euler
method p = 2, 8 = 0.25

TABLE 2. Numerical
quenching times obtained
with the implicit Euler
method p = 2, § = 0.25

105

and € = —log(2)/log(0.2) and € = —log(2)/log(0.2)

I " n s I Tm n s
16 | 0.002870572 611 - 16 | 0.002874225 611 -
32 | 0.002849315 | 2346 - 32 | 0.002850205 | 2346 -
64 | 0.002844171 | 8950 | 2.00 64 | 0.002844392 | 8950 | 2.00
128 | 0.002842906 | 34012 | 2.00 128 | 0.002842961 | 34012 | 2.00
256 | 0.002842594 | 128838 | 2.00 256 | 0.002842608 | 128838 | 2.00
512 | 0.002842517 | 486376 | 2.00 512 | 0.002842520 | 486376 | 2.00
TABLE 3. Numerical TABLE 4. Numerical

quenching times obtained
with the explicit Euler
method p = 2, 8 = 0.5
and € = 0.5

quenching times obtained
with the implicit Euler
method p = 2, § = 0.5
and € = 0.5

I " n s I T n s
16 | 0.005343498 | 1214 - 16 | 0.005347072 | 1214 -
32 | 0.005328986 | 4645 - 32 | 0.005329857 | 4645 -
64 | 0.005325609 | 17697 | 2.00 64 | 0.005325826 | 17697 | 2.00
128 | 0.005324800 | 67195 | 2.00 128 | 0.005324854 | 67195 | 2.00
256 | 0.005324605 | 254324 | 2.00 256 | 0.005324618 | 254324 | 2.00
512 | 0.005324557 | 959235 | 2.00 512 | 0.005324561 | 959235 | 2.00

In the following, we also give some plots to illustrate our analysis. For the different
plots, we used both explicit and implicit schemes in the case where I = 64 and

(p; B;e) = (2;0.5;0.5).

Figures (1), (2) show that the numerical solution quenches.
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FICURE
1. Evolution of 2. Evolution of
the numerical solu- the numerical solu-
tion (explicit tion (implicit
scheme). scheme).

In figures (3), (4), we can appreciate that the numerical solution quenches at the
first node and decreases with respect to the spatial variable.
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FIGURE 3. The
profile of the ap-
proximation of
u(x,T) where, T is
the quenching time
(explicit scheme).

FIGURE 4. The
profile of the ap-
proximation of
u(x,T) where, T is
the quenching time
(implicit scheme).

Figures (5), (6) show us that the numerical solution quenches at finite time 7" ~
5.4 x 1072 and is increasing with respect to the time variable.
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CONCLUSION

At the end of our work, we have been able to confirm the finite-time quenching
behaviour of the numerical solution to problem (1.1)—(1.3). By constructing and
analysing a finite-difference approximation of the continuous formulation, we estab-
lished both the reliability and the convergence of our numerical approach. Moreover,
the estimate of the numerical quenching time, together with the consistency of the
results obtained through our tests, reinforces the validity of the method and high-
lights its capacity to capture the essential dynamics of the problem. These findings

open the way for further numerical investigations and potential extensions of the
model.
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