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MULTIPLE-COMPOSITE MULTIVARIATE QUANTITATIVE
APPROXIMATION BY KANTOROVICH-SHILKRET NEURAL
NETWORKS

GEORGE A. ANASTASSIOU

ABSTRACT. In this work we research the multivariate quantitative approximation
by multi-composite Kantorovich-Shilkret type quasi-interpolation neural network
operators with respect to supremum and L, norms. This is achieved with rates
via the first multivariate modulus of continuity. We approximate continuous and
bounded non-negative functions on RY, N € N. When they are also uniformly
continuous we have pointwise, uniform and L, convergences. Complex approxi-
mation is also discussed. Our multi-composite activation functions are formed by
general sigmoid functions.

1. INTRODUCTION

Overactivation in artificial neural network (ANNSs) offers benefits such as
improved learning capacity, increased non-linearity, and robustness to noise. In the
Biological brain, moderate overactivation can be a beneficial compensatory mech-
anism to maintain performance, while excessive, chronic overactivation is generally
detrimental and linked to various disorders.

In Artificial Neural Networks

In machine learning, ”overactivation” typically refers to techniques that promote
higher activation valued or more complex activation functions, offering potential
advantages. These include:

¢ Improved Learning Capacity: Assisting models in learning more complex
data patterns.

e Increased Non-linearity: Helping networks capture intricate data rela-
tionships for better generalization.

¢ Robustness to Noise: Making networks more resilient to noisy input data.

e Implicit Regularization: Potentially preventing overfitting by encourag-
ing diverse feature representations.

The next concept relates to the above:

Multi-composition of activation functions involves stacking or combining
multiple, often different, non-linear functions (e.g., o2 (01 (x))) to enhance a neural
network’s capacity to learn complex relationships, improve approximation accuracy,
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and potentially reduce computational effort. This technique allows for more flexible
modeling, such as creating compact support functions from wider ones to focus on
relevant data.

Key Aspects of Multi-Composition Activation Functions:

e Enhanced Representation: Composing functions, such as o () =ReLU
(tanh (x)), allows the network to combine the strengths of different nonlin-
earities.

¢ Reduced Domain/Compact Support: Compositions can be designed to
limit the output to a specific range (e.g., using ”cusp” functions), effectively
filtering noise and focusing on crucial information.

e Architectural Flexibility: Hidden layer functions L; are often composed
as a linear mapping followed by an activation, L; = o; o g;, allowing for
learnable, complex transformations within a single layer.

e Improved Approximation: Theoretical work suggests that composing
functions can enhance the approximation abilities of neural networks, leading
to better mathematical modeling of data.

e "Faster Training”: Combining functions (fusion) can improve training
speed in deep networks.

Common Examples and Usage:

e Swish-ReLU: Combining functions like SiLU (Swish) with ReLLU can en-
hance gradient flow.

e Multilayer Perceptrons (MLP): Inherently, an MLP with multiple hid-
den layers is a functional composition (Ng = LoLgo...0L1) of these activated
layers.

e Hybrid Functions: Using different activations in different layers, or even
within the same layer, helps optimize for non-saturating gradients and effi-
ciency.

The author in [1] and [2], see Chapters 2-5, was the first to establish neural network
approximations to continuous functions with rates by very specifically defined neural
network operators of Cardaliaguet-Euvrard and ”Squashing” types, by employing
the modulus of continuity of the engaged function or its high order derivative, and
producing very tight Jackson type inequalities. He treats there both the univariate
and multivariate cases. The defining these operators ”bell-shaped” and ”squashing”
functions are assumed to be of compact support. Also in [2] he gives the Nth order
asymptotic expansion for the error of weak approximation of these two operators to
a special natural class of smooth functions, see Chaptes 4-5 there.

The author inspired by [8], continued his studies on neural networks approxima-
tion by introducing and using the proper quasi-interpolation operators of sigmoidal
and hyperbolic tangent type which resulted into [3] - [6], by treating both the uni-
variate and multivariate cases. He did also the corresponding fractional case [4, 6].

The author here performs multi-composite and multivariate general sigmoid ac-
tivation functions based neural network approximation to continuous non-negative
functions over the whole RN, N € N, then he extends his results to complex valued
functions, L, approximations. All convergences here are with rates expressed via
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the modulus of continuity of the involved function and given by very tight Jackson
type inequalities.

The author comes up with the "right” precisely defined flexible quasi-interpolation,
Kantorovich-Shilkret type integral coefficient neural networks operators associated
with: multi-composite general sigmoid activation functions. In preparation to prove
his results he mentions important properties of the multi-composite general density
functions defining the operators.

In recent years non-additive integrals, like the N. Shilkret one [9], have become
trendy with great applications to Economics, etc.

Feed-forward neural networks (FNNs) with one hidden layer, the only type of
networks he deals with in this work, are mathematically expressed as

n
N, (z) = an((aj -x)+b;), ve€R’ seN,
§=0
where for 0 < j <n, b; € R are the thresholds, a; € R® are the connection weights,
¢; € R are the coefficients, (a; - x) is the inner product of a; and z, and o is the
activation function of the network. About neural networks in general read [10] -
[14]. For recent related works see [15]-[24].

2. BASICS

2.1. Description of Shilkret integral. Here we follow [9].
Let F be a o-field of subsets of an arbitrary set 2. An extended non-negative
real valued function p on F is called maxitive if p (&) = 0 and
1 (Uier E;) = supp (E;) (1)
el
where the set I is of cardinality at most countable. We also call u a maxitive
measure. Here f stands for a non-negative measurable function on Q. In [9], Niel
Shilkret developed his non-additive integral defined as follows:

(N) | fdp:=sup{y-pu(DN{f=y})}, (2)
D yey
where Y = [0,m] or Y = [0,m) with 0 < m < oo, and D € F. Here we take
Y =0, 00).
It is easily proved that

(Nﬂ/fWZamwmeﬂU>yD} (3)
D y>0

The Shilkret integral takes values in [0, 0o].
The Shilkret integral ([9]) has the following properties:

wyémm:mm, (4)

where g is the indicator function on F € F,

) [ ctau=c) [ fan. e, (5)
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(V) [ supfudn =sup (V) [ (6)

neN neN
where f,, n € N, is an increasing sequence of elementary (countably valued) func-
tions converging uniformly to f. Furthermore we have

(V) /D fdu >0, (7)

f > g implies (N*) /D Fdu > (N*) /D gd, (®)

where f,g: Q — [0, 00| are measurable.
Let a < f (w) < b for almost every w € F, then

o (E) < (N¥) /E fdu < b (B)

() [ 1= (B

f > 0 almost everywhere and (N*) [, fdu = 0 imply p (E) = 0;
(N*) Jo fdu = 0if and only f = 0 almost everywhere;
(N*) Jo fdu < oo implies that

N (f) :={w € Q|f (w) # 0} has o-finite measure; (9)

() /D (f +9)du < (N*) /D fdu+ (V) /D gy

and

) [ g v [ i <) [ 17 = gla (10)
D D D
From now on in this work we assume that u: F — [0, +00).
2.2. On Multi-composite Activation Functions. We mention:
Definition 2.1. Let i = 1,2, ..., and h; : R — [—1, 1] be general sigmoid activa-
tion functions, such that they are strictly increasing, h; (0) = 0, h; (—x) = —h; (x),
z € R, hj(+00) = 1, h; (—o0) = —1. Also h; is strictly convex over (—oo,0] and

strictly concave over [0, 400), with hl@) € C (R). Examples tanh z, erf (x), normal-
ized arctan z, normalize Gudermanian(x), etc.

Notice here 0 < h; (1) < 1,4 =1,2,.... Any composition hjohgohso...ohy is meant
to be hil_1,1)0he|—1,1)0hs][—110 -0 ha—1][—1,170hA, A € N, and for convenience, we
denote it by G := hyjohgohszo...ohy. We have for any A € N: 0 < hy (1) < 1, hence
0 <hxr1(hr(1)) <hy1(1) <1,and 0 < hy—g (ha—1 (ha (1)) < ha2 (ha—1 (1)) <
ha—o(1) <1.

Inductively we derive that 0 < G (1) <1,V A € N.

Clearly, it is G (0) = 0 and G, is strictly increasing over R. Furthermore it holds

G (=) = h1 (h2 (hs (... (ha—1 (ha (=2)))))) = ha (h2 (R (... (ha—1 (DA (2))))))
=..=—M (hg (hg ( (h)\,l (h)\ (.%')))))) = -G, (a:) , r€R.
Clearly it holds G2 € C'(R).
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We notice that
G\ (+00) = hy (ha (hs (.. (ha-1 (ha (+00)))))) =

hy (h2 (hs (... (ha-1(1))))) = Ga-1 (1), (11)
and
G (=00) = ha (h2 (ks (... (ha=1 (ha (=00)))))) = ha (he (h3 (... (ha-1 (=1)))))
= —hy (ha (h3 (... (ha—1(1))))) = —=Gr-1 (1). (12)
Consequently, it holds
-Gy (1) < G ($) < Ga-1 (1) , Yz el (13)

Thus, y = £Gx_1 (1) are asymptotes of G (z), any A € N.
Next we act over (—00,0] : let A, u > 0: A+ p = 1. Then by convexity of ho there
we have

ha (Az + py) < Ahg () + pha (y), ¥V 2,y € (—00,0];
and
hi (he (Az + py)) < hy (Aho (x) + pha (y)) <

A(hy o h) (2) + p (b o ha) (y), Vi, y € (00,0, (14)

So that hy o hg is convex over (—oo,0].
Now we work on [0, +00) : let A, u > 0: A+ p = 1. Then by concavity of hg there
we have

ha (Az + py) > Aho (2) + phe (y), ¥ 2,y € [0, +00);
and
hi (h2 (Az + py)) > ha (Ahe (z) + phe (y)) >

A(hyohg)(z)+ p(hyohs)(y), Vo, ye[0,+00). (15)

Thus, hy o hg is concave over [0, +00).

Therefore Go = hy o hg is a general sigmoid activation function with asymptotes
y = £hy (1), and fulfilling the rest of conditions of Definition 2.1.

Arguing as above hg o hg : R — [—1, 1], fulfills Definition 2.1 and hj o hy o hg does
the same with asymptotes h = £h; (ha (1)).

Inductively, we prove that G fulfills Definition 2.1 with asymptotes y = +G_1 (1) .

We have proved the following:

Theorem 2.1. Let A € N. Then G := hiohgohgo...ohy fulfills all the properties
of Definition 2.1 with asymptotes y = +Gx_1 (1). That is Gy is a multi-composite
general sigmoid activation function from R — [—1,1].

Corollary 2.2. %i(l) fulfills Definition 2.1 with asymottes y = +1.

We call
G

Gy = —2
AT G (D)

(16)
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Remark 2.1. Next we consider the function
1/~ -
TA(;E)::Z(GA@H)—GW—D)>o,vxeR,AeN. (17)
We observe that
1/~ -
T (-2) = 7 (Ga(—o+1) =G (-2 —1)) =

(Gr(- -1 -G (- @+1)) = (-Gr@ -1+ Gr@+1) = (13)

%(é/\(g;-kl)—é,\(x—l))ZT/\(QC)~

That is T is an even function,

=

T\(—z) =Tx(x), Yz eR, AeN. (19)
We see that _
70 = 2 (20)

Let x > 1, we have that
1/~ ~
TS (@) = 1 (GA’ (+1) =G\ (z - 1)) <o,

by CNJ’A being strictly decreasing over [0, +00).
_Letnow 0 < x < 1, then1—2 > 0and 0 < 1—-2 < 1+ z. It holds
G\ (x—1)=G)\ (1 —z)>G)\ (z+1), so that again T3 (z) < 0. Consequently T} is
strictly decreasing on (0, +00) .

Clearly, Ty is strictly increasing on (—o0,0), and T3 (0) = 0.

Observe that

lim T (2) = i (éA (+00) — Gy, (+oo)) —0, (21)
and
JBEI;IIOOT)\ (x) = i (éA (—o0) — G (—oo)) =0. (22)

That is the z-axis is the horizontal asymptote on T}.
As a result T) is a bell shaped symmetric function with maximum

Gy (1
Ty (0) = AQ( ), (23)
We need
Theorem 2.3. [t holds
Y Th(@—i)=1, VzeR (24)
Proof. As similar to [5], p. 286 is omitted. O
Theorem 2.4. We have that
/ Ty (z)dx = 1. (25)
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Proof. As similar to [5], p. 287, it is omitted. O
So that T (x) can serve as a density function in general.
We need
Theorem 2.5. ([7]) Let 0 < a < 1, and n € N with n'=% > 2. Then
i Ty (nx —k) < (1 — Gy (n!~ — 2)) , (26)
k=—o0
{ D nw — k| > nl
and B
Jdim (1-Gh(n' 2 =2)) = 0. (27)

Denote by |- ] the integral part of the number and by [-] the ceiling of the number.
We also need

Theorem 2.6. Let x € [a,b] C R and n € N so that [na] < [nb]. It holds

1 1
< , YV €la,bl. (28)
IE'n:b]Jna] Ty (nz—k) Ix (1)
Proof. As similar to [5], p. 289 is omitted. O
Remark 2.2. We have that
[nb]
Jim > Ta(nz—k) #1, (29)

k=[na]
for at least some z € [a,b].
See [5], p. 290, same reasoning.
Note 2.7. For large enough n we always obtain [na] < |nb|. Also a < % < b, iff
[na] < k < |nb|. In general it holds (by (24))
Lnb)
Y Ta(nz—k) <L (30)

k=[na]
We make
Remark 2.3. We define

N
Z(x1,.an) = Z(2) = [[ Tz (i), 2= (21,..,an) €RY, NeN. (31)
i=1

It has the properties:
(i) .
Z (x) >0, Vz € RY, (32)
(i)

Z 2(:3—]4:):: Z Z Z 2($1—k1,...,$N—kN):

k=—oc0 k1=—00 kog=—00 kny=—o00



136 GEORGE A. ANASTASSIOU

00 9] 00 N N 9]
S Y [In@-w =T 3 D@-k | @
k1=—00 kg=—00 kny=—001=1 i=1 \k;=—o0
Hence -
Y Zx—k)=1 (33)
k=—oc0
That is
(iii)
Y Znz—k)=1, vzeRY; neN. (34)
k=—o00
And
()
P N o0 25
/ Z (x)dx —/ (HTA () > dxry...dry = H </ T (a:l)da%) ) 1, (35)
RN i1 —00
thus
/ Z (x)dz =1, (36)
RN
that is Z is a multivariate density function.
Here denote © = (z1,...,xn), ||z|l,, = max{|z1|,...,|zy|}, 2 € RN, also set
00 1= (00, ...,00), —00 := (—00, ..., —00) upon the multivariate context, 0 < 5 < 1,
(v) We have
o0 N
Z (nz — Z Z (H Ty (nx; — kl)> =
- —0 k‘l*;OO kNj_oo i=1
1=z > L I5=ell>75
N )
H Z Ty (nz; — k;) | < (for some r € {1,....,N})
i=1 ki = —
15 =2l > 75
N [e'e) 9]
H Z T\ (nz; — k) Z T\ (nzy — k) | = (37)
Z;l kij=—o00 k, = —00
o>
Z Ty (nx, — k) = Z Ty (nx, — k) <
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1 —é/\ (nl_’B —2) .
That is
Z Z(nz—k)<1—G, <n1_6—2). (38)

k=—
15 =l > 77

0<B<lneN:n"P>2Vaeecl[Y,abi].
Denote by
ey (By,n):=1— Gy <n1_6 - 2) , any N € N, (39)

0<p<l.
For f € Cf (RY) (continuous and bounded functions from RY into R} ), we define
the first modulus of continuity

wi (f,0) == sup |f (x) = f(y)], h>0. (40)
z,y € RN
[z =yl <h

Given that f € C[}' (RN ) (uniformly continuous from RY into R, same definition
for wy), we have that
limwy (f,h) = 0. (41)
h—0

When N = 1, wy is defined as in (40) with ||-||, collapsing to |-| and has the property
(41).
3. MAIN RESULTS
We need

Definition 3.1. Let £ be the Lebesgue o-algebra on RY, N € N, and the max-
itive measure p : £ — [0,+00), such that for any A € £ with A # &, we get
w(A) > 0.

For f € Cg (RN ), we define the multi-activated multivariate Kantorovich-Shilkret
type neural network operators for any z € RV :

Aﬁz (fa 33) = A% (f, 331,...,.27]\[) =
S (e R) i ()

° (N*)f[og
u Z(nx—k)=
o0 o0 o0 ( *)f()% O%f t1+%,t2+%,.--,t1\/+%\' dp (t1,...,tN)
S (1t ot )
ki=—ooky=—00 kny=—0o0 I [075] >

where x = (21, ...,2y5) €RN, k = (ky,...,kn), t = (t1,...,tn), n € N.
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Clearly here p ([O, %]N) >0,VneN.
Above we notice that

1AL (Do < 11l » (43)
so that Al (f,x) is well-defined.

We make
Remark 3.1. Let £ € [(), %]N and z € RY, then

f<t+f;> =f(t+:z) —f(@)+ f(2) < f(Hi) —f(x)'+f(a:>, (44)
hence

) [t (1) o <

f(t+fj)—f(x)\du<t>+f<x>u<:o,T). (45)

" foar

That is .
(V) /[071]N / (t+ f;) du (1) — f () ([ H ) < (46)

o [ w7 () @] o,
Similarly, we have "
f (@) =f(x)—f<t+i> +f<t+i> < ‘f <t+fL> —f(w)‘+f<t+:>,
hence
(v) /[o,m F (@) du () < (N*) /[o,;]N i (t+ ﬁ) @)

+ (V%) /[o,;]N f (t + :) du(t).
f (@) ([O H N) (V) /[o,z]N / (t " fj) du (1) < (47)

(N*>/[o,;]N ‘f <t+ :) — f(:z)' dp (t) .

By (46) and (47) we derive

‘(N*)/[OHN f <t+ i) du(t) — f () ([o H N) <

) [ () s @), (48)

dp (1)

That is
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In particular it holds
(N) f[o ;}N f (tJF %) dp (t)
al —f)| <
u([0,4]")
(N*)f[(),%]f\’ }f (t+ %) - f(x)‘d,u(t)
p([0:37%) |

We give the following approximation result.

(49)

Theorem 3.1. Let f € C’g (RN), 0<pB<1l, zeRY; N,neN withn' 8 > 2.
Then

i
sup A% (f2) = £ @] <o (124 35 ) 42w (Bom) = pns (50
and
ii)

sup [| A7 (f) = flloo < P (51)
I
Given that f € (Cff (RY) N CF (RY)), we obtain nh_)rglo AL (f) = f, uniformly.
Above ey (B,n) is as in (39).

Proof. We observe that
AL (fx) = f(2)] =

|

0o (N*)f[ol]Nf@_’_fz)d'u(t)) R )
- ~ Z (nx — k) —

2 ( u ([0, 41Y)

k=—00

o0 (N*)f[o ;]Nf(t+%)d:“ (t) ~
= —f@) | Z(ne—Fk)| <
k:z:oo ( N<[07%]N)
o0 (N*) Ji v f(E+ E) du(2)
)» oap 70+ ) )f(w) Zna—k)'<

Z (nz — k)
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o0 (N*)I[OL]N [f(t+3) f(x)d“(t)) -
’" Z (nx —k) <
k :Z—oo ( u([o.41")
{ 15 =2l > 75
o0 (N*) iy aq w1 (fs o + (|15 = 2]l ) du (D)
> ( Joayrer NH I..) dn )Z(mk)
k=—o0 M([O’ d )
{ 15 =2l < 75
+2 | flloo > Z (nx—k) | (by (38))
k= —o0
{ g =2l > 58
< (£3+ 73 ) +2fleoen (B, 53)
proving the claim. O

Additionally we give

Definition 3.2. Denote by C}, (]RN,(C) = {f: RN = C|f = f1 + ifs, where
f1. f2 € CF (RY), N € N}. We set for f € Cf (RY,C) that

AL (f,z) = AL (fr,z) +i AL (f2, @), (54)
VneN,zeRN, =1

Theorem 3.2. Let f € CE (RN,(C), f=fi+ifs, NeN,0<p <1, zeRN;
n € N with n*=? > 2. Then

i)
1 1 1 1
sup A% () ~ @) < [on (524 ) b (fa )]
+2 (If1lloe + If2llos) N (B, n) = T, (55)
and
ii)
SﬁpllA% (f) = fll < Jn. (56)
Proof.

AL (frx) = [ (@) = [AL (fr, @) +4 A (f2, ) — f1 () — if2 (2)] =
(AL (f1,2) = f1(2) + i (A5 (f2,2) = fa (2))] <

A (f12) — o @)+ [AE (o) — fo (2)] < (57)

(w0 (1 + 5 + 21l () +
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(w0 (Ao + 55 2Dl (B)) =

[W1<ﬁji-%;;>-%w1<h,i%-;b>}+
2(1f1lloo + 1f2lloc) en (Bs ) - (58)
proving the claim. O

We finish with an L, , p1 > 1, estimate.

Theorem 3.3. Let f € C’E(RN,C), f=h+ifec, NeN,0<f<1l,neN
with n*= % > 2, and p1 > 1. Then

L
1AL (f) = Fllpyx < Jn |A]7, (59)
where ‘K‘ < 00, is the Lebesque measure of compact A C RN, and J,, as in (55).
Proof. By integrating (55), etc. O
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