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ON 7-RICCI SOLITONS ON HOMOTHETIC KENMOTSU
MANIFOLDS WITH RESPECT TO A GENERAL CONNECTION

MURAT ALTUNBAS

ABSTRACT. We study a connection which generalizes the quarter-symmetric met-
ric, the Schouten-Van Kampen, the Tanaka-Webster and the generalized Tanaka-
Webster connections. With the help of this connection, we characterize n-Ricci
solitons on homothetic Kenmotsu manifolds. In the final part, we give an example
to verify some obtained results.

1. INTRODUCTION

Let (M, g,7m,&, ¢) be an almost contact metric manifold. In [1], [2], [3], a general
connection V is defined by

VoV =VyV +al[(Von)(V)E = n(V)Vué] + can(U)eV, (1.1)

for all vector fields U,V € x(M) and ci,c2 € R, where x(M) is the set of all
differentiable vector fields on M and V is the Levi-Civita connection of the metric
g. The connection V is a general connection, since

(i) if ¢ = 0,c9 = —1, we obtain the quarter-symmetric metric connection [6],
(ii) if ¢ = 1,2 = 0, we obtain the Schouten-Van Kampen connection [13],
(ili) if ¢; = 1,9 = —1, we obtain the Tanaka-Webster connection [14],

(iv) if ¢ = 1,2 = 1, we obtain the generalized Tanaka-Webster connection [15].

In [9], Oubina introduced the concept of (o, 3)-trans-Sasakian manifolds which
contain both the class of Sasakian and cosymplectic structures and are related
to the locally conformal Kéhler manifolds. The trans-Sasakian manifolds of type
(0,0), («,0) and (0, 3) are called cosymplectic, a-Sasakian and [-Kenmotsu mani-
folds, respectively. Here, o and 8 denote some scalar functions. In particular, if
a = 0,8 = 1, the trans-Sasakian manifolds are said to be Kenmotsu manifolds.
Moreover, if o = 0 and ( is a constant function, the trans-Sasakian manifolds are
called homothetic Kenmotsu manifolds [7].

The notion of n-Ricci soliton was introduced by Cho and Kimura in [5]. In this
paper, the authors gave a classification of real hypersurfaces in nonflat complex space
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forms admitting 7-Ricci solitons. An n-Ricci soliton (g, X, A, #) on a Riemannian
manifold (M, g) is defined by

(Lx9)(U, V) + 25U, V) + 2Xg(U, V) + 2un(U)n(V) = 0, (1.2)

where A, 4 € R. An n-Ricci soliton is called steady if A = 0, shrinking if A < 0 and
expanding if A > 0. When p = 0, we obtain the well-known Ricci soliton. We may
refer to [4],[8],[12], [19] for some recent works on 7-Ricci solitons.

This paper is organized as follows: In Section 2, we recall some basic results
about homothetic Kenmotsu manifolds. In Section 3, we obtain the Riemannian
curvature tensor, Ricci tensor and the scalar curvature of a homothetic Kenmotsu
manifold with respect to the general connection V. In Section 4, we give some
characterizations of n-Ricci solitons admitting the general connection V. Finally, we
construct an example of a 3-dimensional homothetic Kenmotsu manifold admitting
the general connection V in order to confirm some results.

2. HoMOTHETIC KENMOTSU MANIFOLDS

An n = (2k + 1)-dimensional smooth manifold M is called an almost contact
metric manifold if it admits a (1,1) tensor field ¢, a contravariant vector field &, a
1-form n and a Riemannian metric g which fulfill

¢*(U) = =U +n(U)E, n(€) =1, ¢¢ =0, n(¢U) =0, (2.1)
g(Uvé-) = U(U)v VU,V € X(M)
An almost contact metric manifold (M, g,n, €&, ¢) is called S-Kenmotsu if
(Vud)(V) = Blg(oU, V)§ — n(V)oU]. (2.2)
From (2.2), we have

Vu§ = BIU —n(U)¢], (2.3)

where £ is a scalar function on M and V is the Levi-Civita connection of g. If § =1
then the f-Kenmotsu manifold is called Kenmotsu manifold and if £ is constant
then the S-Kenmotsu manifold is called homothetic Kenmotsu manifold [16].

In a homothetic Kenmotsu manifold, the following relations are satisfied:

(Vun)V = Blg(U, V) = n(U)n(V)], (2.4)
R(U,V)E = =B*[n(V)U —n(U)V],
S(U.&) = —(n —1)8*n(U),
R(E,U)V = B2[n(V)U — g(U, V)¢,
Q¢ = —(n—1)5%,

where R,S and ) denote the Riemannian curvature tensor, Ricci tensor and the
Ricci operator, respectively.
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3. CURVATURES OF HOMOTHETIC KENMOTSU MANIFOLDS WITH A GENERAL
CONNECTION

Using (2.3) and (2.4) in (1.1), the general connection V is expressed as

VoV =VuV +aBlg(U,V)E = n(V)U] + can(U)oV. (3.1)
Replacing V' by & in (3.1) and using (2.1), (2.3), we get
Vo€ = (1-c)BU - nU)E]. (3-2)

From (2.1)-(2.4) and (3.1), we obtain
Un(V)) =n(VuV) + Bg(U, V) = Bn(U)n(V),
Vu(¢V) = Vu(oV) + c1Bg(U, V)€ — con(U)V + can(U)n(V )¢,
(Vug)(V,W) = 0. (3.3)

Now, we can compute the curvature tensor R of the connection V using the following
formula:

RUVIW = Yy 9y W — Ty VuW — T W. (3.4)
Taking into account (3.1)-(3.3), we deduce
VoW = VoW + (Vo V)W — con(VyU)pW (3.5)

+a1Blg(VuV,W)E — g(VyU, W) —n(W)VyV +n(W)Vy U],

(3.6)

VuVyW = VyVyW + 189U, VyW)E — e1fn(Vy W)U + can(U)pVy W
+c1Blg(VuV, W) + c18g(U, V)n(W) — c1n(V)g(U, W) + ean(U)g(¢V, W)
+9(VuW, V) + c1B8g(U,W)n(V) — e1Sn(W)g(U, V) + can(U) g(¢W, V)¢
+c1Bg(V,W)(1 = c1)B(U —n(U)§) — arBn(VuW) + Bg(U, W)
—BnU)n(W)]V — c1Bn(W)[VuV + c18(g(U, V) —n(V)U) + can(U) ¢V ]
+eo[n(VuV) + Bg(U, V) — Bn(U)n(V)]oW + can(V)[B(—g(U, ¢W))
+¢VuW + c189(U, pW)E — con(U)W + can(U)n(W)E].

If we interchange U and V in (3.6), we get

(3.7)

VvVeW = VyVgW +aBg(V,VuW)é — e fn(VuW)V + can(V )¢V W
+c1Blg(VvU, W) + c1Bg(V, U)n(W) — e1Sn(U)g(V, W) + can(V) g(¢U, W)
+9(VvW,U) + e18g(V, W)n(U) — e1Sn(W)g(V,U) + can(V)g(eW, U)]E
+c1Bg(U, W)(1 — 1) B(V = n(V)§) — aBn(VvW) + Bg(V, W)
=Bn(V)n(W)IU — c18n(W)[Vy U + c18(g(V,U)§ = n(U)V) + can(V)oU]
+e2[n(VvU) + Bg(V.U) — Bn(V)n(U)]gW + can(U)[B(—g(V, oW))
+¢Vv W + c18g(V, ¢W)E — can(V)W + can(V)n(W)¢].
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Putting (3.5), (3.6) and (3.7) in (3.4), we obtain
(3.8)
RU V)W = R(U, V)W + (c1¢ca — c2)B[n(V)g(U, oW)E — n(U)g(V, oW )¢]
+(c1c2 = ¢2)B[n(V)n(W)oU — n(U)n(W)oV]
+er(1— ) B2[g(U, W)n(V)E — g(V. W)n(U)€]
+er(2 = ) B2 g(V, W)U — g(U, W)V
+er(1 = ) B UV —n(V)Uln(W).
where R denotes the Riemannian curvature tensor of V. Therefore, we can state

the following result.

Theorem 3.1. Let M be an n-dimensional homothetic Kenmotsu manifold ad-
mitting the general connection V. Then the curvature tensor R of V is given by

(3.8).
Taking contraction in (3.8), we obtain the Ricci tensor S of V as
(3.9)
S(V,wW) = S(V,W)+ 02(1 —c1)Bg(V, W) + (2 = n)er (1 — e1) B (V)n(W)
+8%[2nc1 — nei — 3cr + 2c3]g(V, W),
where S denotes the Ricci tensor of V. This gives the Ricci operator @ as
QV = QV—cl—e)BeV + 2 —m)er(l—c)Fn(V)E  (3.10)
+8%2nc1 — nct — 3¢ + 23]V,

where @ denotes the Ricci operator of V. Similarly, taking the contraction of (3.9),
the scalar curvature 7 of V is obtained by

F=r+(2-n)ei(l —c1)B% + B%n[2nc; — nct — 3c1 + 263, (3.11)

where 7 denotes the scalar curvature of V. Thus, we can summarize our results in
the following theorem.

Theorem 3.2. Let M be an n-dimensional homothetic Kenmotsu manifold ad-
mitting the general connection V. Then

(i) The Ricci tensor S of V is given by (3.9).

(ii) The Ricci operator Q of V is given by (3.10).

(iii) The scalar curvature ¥ of V is given by (3.11).

On the other hand, using (3.9), we find
S(V,€) = B2n(V)[(n = 1)(er — 1)) (3.12)
From (3.8), we obtain
REVIW = (1—c)Bn(W)V — (1 —c1)g(V, W)§
—ca(c1 — 1)Blg(V, W) + n(W)oV]
+er(1 = e)BPn(V)n(W)E,
R(V.W)E = (1= e))B2n(V)W + a1 82(W)V + cz2(cr = DBIW)SV —n(V)eW].
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4. n—RICCI SOLITONS ON HOMOTHETIC KENMOTSU MANIFOLDS ADMITTING A
GENERAL CONNECTION

In this section we characterize the n-Ricci solitons on homothetic Kenmotsu man-
ifolds with respect to the general connection V. For the general connection V, we
define

(Leg)(U. V) = (V. V) + g(U, VvE). (4.1)
Then, from (1.2), we have
(Leg)(U, V) 4+ 28U, V) + 2Xg(U, V) 4+ 2un(U)n(V) = 0. (4.2)
Using (3.1), (3.2), the relation (4.2) becomes
(Leg)(U,V) =281 — c1)g(U, V) — 28(1 — e1)n(U)n(V). (4.3)
Taking into account (4.3), equation (4.2) reduces to
S, V) = [B(1 —c1) — pn(U)n(V) = [B(1 = c1) + Alg(U, V). (4.4)
Putting U =V = ¢ in (4.4), we obtain
A p=F%n—1)(1—-c). (4.5)

So, we have

Theorem 4.1. If (M, g,n,§,¢) is a homothetic Kenmotsu manifold, (g,&, \, )
is an n-Ricci soliton with respect to the quarter-symmetric metric connection, then
the m-Ricci soliton is shrinking if B2(n — 1) < p, steady if 3%(n — 1) = u, expanding
if B(n—1) > p.

Theorem 4.2. If (M,g,n,&,¢) is a homothetic Kenmotsu manifold, (g,&, A\, p)
is an n-Ricci soliton with respect to the Schouten-Van Kampen, Tanaka-Webster
or generalized Tanaka-Webster connection, then the n-Ricci soliton is shrinking if
0 < p, steady if p =0, expanding if p < 0.

Now, we define a T-like curvature tensor as in [18]. The importance of the T-
curvature tensor comes from its generalizing some well-known curvature tensors such
as conharmonic [17], M-projective [20], and W;-curvatures [11].

Definition 4.1. A homotheti_c Kenmotsu manifold is called T-like flat with re-
spect to the general connection V if

T(U V)W =0,
where T is a T-like curvature tensor defined by
TUVIW = aR(U V)W +
a15’(V, WHU + (ZQS(U, W)V + CLgS(U, VW
+asg(V.W)QU + asg(U, W)QV + asg(U, V)QW
—FCW?(Q(V, W)U - Q(U, W)V)7

where aq, - - -, a7 are real constants.
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Assume that
ag + as + as + nag + as + ag # 0.
_ “Da-l7
S(U,X) _ [al + (n )a7]r
ap + a2 + az + nag + as + ag
Using (4.4) and (4.6), we obtain
[B(1 = c1) = pln(U)n(X) — [B(1 — e1) + Alg(U, X) (4.7)
a1+ (n—1)ay|r
-t (nz Do 9(U, X).
ap + a2 + az + nag + as + ag
Taking U = X = ¢ in (4.7), we find
a; + (n —1)ay
ap + a2 + ag + nag + as + ag
Thus, we can state the following theorem.

9(U, X). (4.6)

pAN = [r+(2—n)c1 (1—c1) B2 4+B2n(2nc; —net —3c1+2¢3)].

Theorem 4.3. (i) If (9,&, A\, ) is an n-Ricci soliton on a T-like flat homothetic
Kenmotsu manifold with respect to the quarter-symmetric metric connection, then
the relation between u and X is given by

[a1 + (n — 1)aq]r
ag + as + as +nayg + as + ag’

ptA=

(ii) If (g, &, A, 1) is an n-Ricci soliton on a T-like flat homothetic Kenmotsu manifold
with respect to the Schouten-Van Kampen, Tanaka-Webster or generalized Tanaka-
Webster connection, then the relation between p and X\ is given by

a] + (n — 1)&7

[r + B%n(n —1)].
ag + az + asz + nag + as + ag

pt A=

Now, consider the potential vector field X as a pointwise collinear with the vector
field &, i.e., X = &, where v is a function on M. From (4.2), we have

0 = (UynV)+Vy)nU) + 2981 —e)[g(U, V) —n(U)n(V)]  (4.8)
+2S(U, V) 4+ 2Xg(U, V) + 2un(U)n(V).

Taking V' = ¢ in (4.8) and having in mind (3.12), we find
(Uy) + (E0nU) +28n(U)[(n — 1)(cr = D] +22(U) + 2un(U) = 0. (4.9)
Taking U = £ in (4.9), we get

Ey+ B4 n—1)(c1 — 1)+ A+ pu=0. (4.10)
Using (4.10) in (4.9), we obtain
(U7) +[B%(n = 1)(cr = 1) + A+ pln(U) = 0. (4.11)
Covariant differentiation with respect to V' gives us
[82(n — 1)(e1 — 1) + A+ gl (Vym) (U) = 0. (4.12)

Since (Vyn)(U) = Blg(U, V) —n(U)n(V)] is not identically zero for any vector fields
U,V orthogonal to £, we deduce from (4.12) that

A p=—F%(n—1)(c —1). (4.13)
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Putting (4.13) in (4.11) shows that ~y is constant. Then from (4.8), we have

SWU,V) = =[vB(1 —c1) + Ag(U, V) + [vB(1 — e1) — un(U)n(V). (4.14)

Hence S is of the form

S(U,V) =Ag(U, V) + Bn(U)n(V),
where
A=—-[B(l-c)+A, B=yBl-ca)—p
Therefore, we obtain the following theorem.
Theorem 4.4. If (M,g,1,§,¢) is a homothetic Kenmotsu manifold, (g,&, A, 1)
s an n-Ricci soliton with respect to the general connection V such that X = v€ for

some smooth function vy, then ~y is constant and the Ricci tensor S of V is of the
form

S(U, V)= Ag(U, V) + Bn(U)n(V),

for some constants A and B.

5. EXAMPLE

In this final section, we construct an example of a 3-dimensional homothetic
Kenmotsu manifold admitting the general connection V with the help of [10], in
order to verify some of our results.

Let M = {(z,y, z) € R®}, where (z,y, ) are the standard coordinates in R3. We
choose the vector fields {e1, ez, e3} as

0 0 0 0 0
=koe P L ke PP ey = —kje PP 4 kge PP ey = —
el 2€ or + k1e oy’ €2 1€ pye + koe By’ e3 92

where k1, ko, 8 are constants such that k:% + k:% =1, 8 #0. Let g be a Riemannian
metric defined by

17i:‘ ..
g(eiyej):{ 0 Z%; fOI'Z,jzl,"',?).

Let n be the 1-form defined by n(U) = ¢(U,e3) for all vector fields on M and ¢
be the (1,1)-tensor field defined by ¢(e1) = e2, ¢(e2) = —e1, ¢d(e3) = 0. Also, let
& = e3. Then, we have

Let V be the Levi-Civita connection with respect to the metric g. Then we obtain

[ela 62] = 07 [ela 63} = 661) [62) 63] = 562' (51)
The Koszul formula
29(VuV, W) =Ug(V,W)+Vg(W,U)-Wg(U,V)—g(U, [V, W])+g(V, [W,U])+g(W, [U, V])
gives us
Velel - _6637 V61€2 - 07 vele?) - 6617 (52)
v6261 - 0; v6262 - _18637 v62€3 - ﬁ62)
V63€1 = 0, v63€2 = 0, V6363 =0.
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Thus it can be seen that (M, g,n,£, ¢) is a homothetic Kenmotsu manifold. Using
(3.1), (3.4), (5.1), (5.2), we get

Veer = B(c1 — 1)es, Veea =0, Vees = B(1 —cp)ey,
Vese1 =0, Ve,ea = B(cr — 1)eg, Veyes = B(1 — ¢p)es,
Vese1 = ca€2, Vesea = —coer, Vezez =0,
R(ea,e1)e; = 7,82(01 - 1)262,
R(es,er)er = p*(cp —1)es,
R(el, 62)62 = —,32(1 — 61)261,
Rles,e2)es = p*(cy — 1)es,
Rei,ez)es = —caB(l—cr)ez — B(1 —cr)en,
R(eg,es)es = caf(1—c1)er — B*(1 — c1)es,
R(el, 63)62 e —626(61 — 1)63,
R(e1,ez)es = 0,
S(er,er) = —28%—p%t +3p%,
S(ez,en) = —28° — Bt + 3%,
S(es,e3) = —28%+25%, (5.3)

F=—66%—28%2 +85%,.
Hence Theorem 3.2 is satisfied. On the other hand, from (4.5) and (5.3), we get
A =28%(1—c).
Therefore, this manifold M satisfies Theorem 4.1 and Theorem 4.2. More precisely,
we have

Theorem 5.1. There exists a 3-dimensional homothetic Kenmotsu manifold with
the quarter-symmetric metric connection admitting an n-Ricci soliton which is shrink-
ing if 2% < p, steady if 2% = p, expanding if 26% > u.

Theorem 5.2. There exists a 3-dimensional homothetic Kenmotsu manifold with
the Schouten-Van Kampen, Tanaka-Webster, or generalized Tanaka-Webster con-
nection admitting an n-Ricci soliton which is shrinking if p > 0, steady if p = 0,
expanding if p < 0.
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