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GENERALIZED SUBCLASSES OF k—UNIFORMLY CONVEX AND
k—UNIFORMLY STARLIKE FUNCTIONS WITH VARYING
ARGUMENTS

ANURADHA VISHNOI!, ARVIND KUMAR SHARMA?, SAURABH PORWAL?

ABSTRACT. The main goal of the present paper is to introduce a unified general-
ized subclass of k—uniformly convex and k—uniformly starlike functions with vary-
ing arguments by using fractional calculus. Coefficient bounds, extreme points,
growth and distortion bounds, radii of starlikeness, close to convexity and con-
vexity are obtained for this class. We further show that the class is closed under
convolution and convex combination. Finally, we discuss a class preserving in-
tegral operator for this class. Relevant connections of the results presented here
with various well-known results are briefly indicated.

1. INTRODUCTION

Let A denote the class of all analytic functions in the open unit disk U =
{z :|z] < 1} of the form

f2) =2+ ane", (1.1)
n=2

Further, we denote the subclass S of A consisting of functions f(z) of the form (1.1)
which are univalent in U. A function f(z) of the form (1.1) is said to be starlike and
convex functions of order a (0 < o < 1) if and only if it satisfies the analytic criteria

SFEIEL

RUSIEIED

respectively. The classes of all starlike and convex functions of order a (0 < o < 1)

are denoted by S§*(a) and K(«), respectively and studied earlier by Robertson [21]
and Silverman [26].

and
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In 1997, Bharati et al. [5] introduced the subclass k— uniformly convex functions
of order « if and only if it satisfies the following condition

o) 24 e

where 0 < k < 00, 0 < a < 1 and z € U. They [5] also introduced the class k—

uniformly starlike functions of order a consisting of functions f(z) of the form (1.1)
if it satisfies the condition
2f'(2)

2f'(2) }
USEREvE
where 0 < k < 00, 0 < @ < 1 and z € U. The classes of k—uniformly convex
functions and k— uniformly starlike functions of order a are denoted by k —UCV(«)
and k — ST («). In fact the classes k — UCV(a) and k — ST («) generalized the
subclasses of convex, starlike, uniformly convex and uniformly starlike functions as
follows
For k = 0, the subclasses k — UCV(a) and k — ST () reduce to the classes K(«)
and S*(«), respectively studied by Robertson [21]. For o = 0 the classes k —UCV(«)
and k — ST (a) reduce to the classes k — UCV and k — ST studied by Kanas and
Wisniowska [15, 16]. For k = 1, & = 0 the classes k —UCV(«a) and k — ST (a) reduce
to the classes UCY and ST and studied by Goodman [12, 13] Ma and Minda [17].
It should be remarked here that these two subclasses were generalized by Dixit and
Porwal [6], Gangadharan et al [11], Kanas and Srivastava [14] and Rgnning [23], see
also ([1, 2]). Further, the classes k — UCV(a) and k — ST (a) were generalized by
Sim et al. [28] in the classes k —UCV(a, 8) and k — ST («, 8) in the following way A
function f(z) of the form (1.1) is said to be in the class k — UCV(«, ) if it satisfies

the condition
LN L
R1+ E|1+ - B
{ f'(2)
Similarly, a function f € A of the form (1.1) is sald to be in the class k — ST (o, 8),
2f'(2)

if and only if
a0} »
{f(Z) “H e e

Where 0 < a < < 1and k(1 —-/) <1—a. Motivated with the above mentioned
work together with the work of El- Ashwah et al. [10] and Magesh [18], Aouf et al.
[4] generalized these classes as follows A function f(z) of the form (1.1) is said to be
in the class S(\, «, 8, k) if and only if it satisfies the condition

+a,

—1‘4—04,

2f'(2) zf'(z)
§R{(l =N f(2) +>\Zf’(2)} - k’(l =N f(z) + Az f'(2) _6’ I
and also in the class k — UCV(\, a, B), if and only if
2f'(2) + 22" (2) 2f'(2) + 22 f"(2)
o) 2 e e o e

where k >0, -1 <a<f<1,0<A<1L,k(l1-p)<l—a«aandzeU.
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Silverman [27] (see also [8, 9] introduced the class of functions with varying argu-
ment of coefficients in the following way The class V,, of functions f € A consisting
of functions f(z) of the form (1.1) for which

arg (ap) =71+ (n—1)n, n>2, nER

and V = U776 r Vy- The class V is said to be the class of functions with varying
arguments of coefficients. In fact for n = 0 the class V reduces to the class of
functions with negative coefficients first introduced by Silverman [26]. The classes
VS,(\ o, 8,k) =S\ o, 8,k) NV, and k — vUCYV (N, o, B) = k —UCV (X, o, B) NV,
extensively studied by Aouf et al. [4]. In the present paper motivated with the above
mentioned work we introduce a unified generalized class of k—uniformly convex and
k— uniformly starlike functions by using fractional calculus operator introduce by
Dixit and Porwal [7]. Now, we recall the definition of fractional calculus operator
which is required for this work. These definitions were found in Owa [20], Srivastava
and Aouf [22].

Definition 1.1. The fractional derivative of order p is defined for a function f(z)
of the form (1.1), by

_ 1 d [ f©)
Dl;f(z)_r(l—u)dz/o md@ (1.2)

where 0 < 1 < 1, f(z) is an analytic function in a simply-connected region of the z-
plane containing the origin and the multiplicity of (z — {)™* is removed by requiring
log(z — () to be real when z — ¢ > 0.

Definition 1.2. Under the hypothesis of Definition 1.1, the fractional derivative
of order n + p is defined for a function f(z) by
d’n
DIt f(2) = SDEf(2) (13)
where 0 < p < 1land née Ny=1{0,1,2,...}.
For f of the form (1.1), using the Definitions 1.1 and 1.2, we introduce a new
fractional derivative operator as

Qf(2) = £()
Qf(z) = D(L — )= DL (2)

n eyt n—1
Qu (Z) - QM(QM f(Z))
It is easy to see that

oo
Qf(2) =2+ [p(k, w)]"ar",
k=2
where Pk + DT(1 )
+ — K
(k= p)
The study of operator {2} is of special interest because for y = 0 it reduces to the
well-known and widely used Salagean operator introduced and studied by Salagean
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[24]. Now, We introduce the class S(m, u, A, , 8, k) consisting of functions f(z) of
the form (1.1) satisfying the condition
+1
Qi f(z)
(1 =X f(2) + A4 f(2)

_6 +O[,

QL ()
" { TN G) - AT () } =k
(1.4)

where k>0, - 1<a<f<1,0<A<1,0< u<,k(l-p5)<1—a, meNyand
zeU.

Further, We define

VS, (m, p, A o, B, k) = S(m, p, A, o, B, k) N V.

By specializing the parameters in the classes S(m, u, A, o, 5, k) and VS, (m, p, A, o, 5, k)
We obtain the following known subclasses studied earlier by various researchers.

(1) 8(0,0,\, 0, 8,k) =S\, 0, B, k), VS,(0,0,\, a0, B, k) = VS, (A, o0, B, k),
S(1,0,\ , B, k) = k—UCV (A, o, B) and VS, (1,0, \, o, B, k) = k—vUCV, (X, o, )
studied by Aouf et. al. [4].

(2) V80(0,0,0,c,8,k) =k — ST («, 8) and VSy(1,0,0,, 8, k) = k —UCV(, 5)
studied by Sim et al. [28] and El-Ashwah et al. [10].

(3) V80(0,0,0,,1,k) = k— ST (a) and VSy(1,0,0,a,1,k) = k —UCV(a) stud-
ied by Bharati et al. [5] and Shams et al. [25].

(4) VS80(0,0,\,a,1,k) =k — ST (A, ) and VS0(1,0,0,0,1,k) = k —UCV(\, o)
studied by Kanas and Wisniowska [15, 16] and Subramanian et al. [29].

(5) ¥80(0,0,0,0,1,k) =k — ST and VSo(1,0,\,,1,k) = k — UCV studied by
Murugusundaramoorthy and Magesh [19].

(6) VS0(0,0,\, 0, 1,0) = T*(u, ) and VSp(1,0,\, 0, 1,0) = C(p, ) studied by
Altintas and Owa [3].

(7) ¥8,(0,0,0,a,1,0) = Vy(a) and VS, (1,0,0,a,1,0) = VK,(a) studied by
Silverman [27].

(8) VS0(0,0,0,,1,0) = T*(«) and VS((1,0,0,,1,0) = C(«) studied by Sil-
verman [26].

In this article, we obtain a sufficient condition for functions f(z) of the form (1.1)
belonging to the class S(m, i, A, a, 8, k). This condition is also necessary for func-
tions belonging to the class V,. Further we obtain growth and distortion theorem,
extreme points, radii of starlikeness, close to convexity, convexity, convolution con-
dition and convex combination for the class VS, (m, 1, A, o, 8, k). Finally, we discuss
a class preserving integral operator for this class.

Throughout work we frequently use the notation €, 5 ) =1 — A+ Ad(n, p).

2. MAIN RESULTS

In our first result we obtain a sufficient condition for functions f(z) in the class
S(m’/j’7 )\7 a?/87 k) :

Theorem 2.1. A function f(z) of the form (1.1) and satisfy the condition
> Lo, m]™ [(k + 1)@(n, 1) = (kB + @)(L = X+ Ag(n, )] lan| < 1—a — k(1= B),

n=2
(2.1)
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where ¢p(n, p) = %,—1§a<6§1,0§)\<1,0§,u<1,k(l—ﬁ)<

1 — « then f(z) is in the class S(m, p, A\, o, B, k).

Proof. To prove f(z) € S(m,pu, A\, o, 8,k) it is sufficient to prove that inequality
(1.4) holds good. The condition (1.4) can be re-written as

i0 G  ALeif
R {(1 + ke )(1 NG () Bke™ & > a. (2.2)
For simplicity we can write
A(z)
%{B(z)} > a, (2.3)

where
A(z) = (14 ke )t f(2) — Bke™ ((1— N f(2) + A f(2))
and
B(z) = (1= N)Q; f(2) + )\QL”Hf(z).
The equivalent form of condition (2.3) can be written as
|A(z) + (1 — a)B(2)] — |A(z) — (1 + a)B(z)| > 0. (2.4)
Now
[A(2) + (1 = @) B(2)|
( B)ke' +2 — ) —

M8_

[ 56 (n,A 1) M)) kew - (1 - a)e(n)\,u) - ¢(n7 :u)j| [¢(n7 'u)]m anz"

(= k2l -

Mg

[(ﬁe(n,)\,u) - @(TL, N)) k— (1 - a)e(n,)\,u) - qb(n, :u)] [d)(n’ M)]m |an|‘z|n

n=2

(2.5)
and

|A

—~

z) = (1+a)B(2)|
((1 — B)ke' — a) z—

e _L

[(Qb(n? :LL) - Be(n,k,,u,)) kew + gb(”a /L) - (1 + a)e(n,)\,u)} [d)(nv :U’)]m anzn
2

(1 =Bk +allz|-

g IN

Z [(¢(n7 :u) - /Bf(n,)\,,u)) k— (1 + a)e(n,)\,,u) + ¢(n7 :u)] [Qs(na M)]m ’an|‘z|n

n=2

(2.6)



246 ANURADHA VISHNOI, ARVIND KUMAR SHARMA, SAURABH PORWAL

From (2.5) and (2.6), we have

[A(2) + (1 = a)B(2)| = |A(2) — (1 + @) B(2)]
> 2[(1 —a) = k(1 - B)] 2|

-2 Z [(qb(n, ,LL) - Be(n)\,u)) k — ae(n)\,u)] [qb(n) u)]m |an||z|n
n=2

> 2 {(1 —a) = k(1= B) = > [(k+1)d(n, 1) = (kB + @)egu ] [e(n, w)]™ Ianl}

n=2

The last expression is positive if condition (2.1) holds.
This completes the proof of Theorem 2.1.
O

In our next result we shall show that the condition (2.1) is also necessary for
functions f(z) of the form (1.1) and in the class V.

Theorem 2.2. Let f(z) be of the form (1.1) and inV,), then f € VS, (m, i, A\, o, B, k)
if and only if condition (2.1) is satisfied.

Proof. The proof of "if part” follows from Theorem 2.1. Hence, we need only to
prove the ”only if” part of the theorem. If f(z) € VS,(m,u, A, a,B,k) then by
condition (1.4) we have

R l—a+ 22022 [¢(n7 :u') - aE(n,/\,,u)] ¢(n7 :u')]m anzn_l
1+ 2720:2 €(n,\,p) [¢(na N)]m Azt
1-5+ Z?LO:Q [(25(77,, M) - Be(n,)\,u)} [(25(77,7 M)}m anzn_l
1+ ZZO:Q €(n,\,p) [¢(n7 M)]m anzni1 '

Since f is a function Qf the form (1.1) with the argument property given in the class
Vy, and setting z = re" in the above inequality, we obtain

L—a =302, [o(n, 1) — aew] [@(n, )™ an|r ! -
1+ 220:2 €(n,\,u) [¢(n7 N)]m |an|Tn_l N

1= B+ 30, [8(n, 1) — Beuyn) [B(n, w)]™ |an|r™
L+ 300 € [0, )]™ |ag |2t '

Making r — 7! in (2.7), we have

>

k

k

(2.7)

[e.9]

> e, w]™ [(k+ 1)(n, p) — (kB + a)(1 = A+ Ad(n, )] |an] <1 —a = k(1 - f).

n=2
The result is sharp for the function
PR [1—a—k(1—pB)]elt=—mn
"’" [¢(n, )] [(k + 1)¢(n, p) — (kB + a)(1 = A+ Ap(n, p))]
where n > 2, 0 < n < 27. O

L (2.8)
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Corollary 2.3. Let f(z) be of the form (1.1) and in the class VSy(m, p, X\, o, B, k).
Then
l—a—k(1-7)
[¢(n, )]™ [(k + 1)¢(n, 1) — (kB + ) (1 = A+ Ag(n, p))]’
The result is sharp for the function defined by (2.8).

Theorem 2.4. Let f(z) € VS,(m, u, A\, o, 5, k), then for |z] < r =1 we have

n>2 (2.9

‘an| <

5 r _ 1—a—Fk(1-5) r2 .
1f(z)| < +(13u) [ﬁ(k+1)f(k5+a)(14+%m] (2.10)
and
5 " _ 1—a—k(1-p) 2 _
AR 3 L e Tar ey ey H

Proof. We only prove the right inequality. The proof for left hand inequality is
similar so we will omit the details. Let f(z) € VS,(m, u, A, a, 5, k), taking absolute
value we have

2=

(e.)
z+ g anz"”
n=2

=r+7r?

S‘Z‘Jri‘an”dngwrﬂilan\
n=2 n=2
l—a—k(1-7)
() Tt w1 o (250
( ) {% 1 k6+a)(1—“ﬁm
1—a—k‘(1—5) .
1—a—k(1-7)
12#)’”[%(“1)—(1{6%) (1-2+52)]

i[qﬁ(n " [k + Dln, p) = (k5 + )L = A+ Adm W),
l—a—Ek(1-p) "

1—04—16(1—5) r2.
<ﬁ>m [%(k—l— 1) — (kB + ) (1 A ﬁw

The results are sharp for the function

n= 2

=7+’

n=2

:T+

1—a—k(@—pB)e™ >
flz) =2 7 z°. (2.12)
(ﬁ) {ﬁ(k +1)— (kB + o) (1 A+ ﬁA)}
g
Theorem 2.5. Let f(z) € VS,(m,u, A\, o, 8, k), then for |z| <r =1 we have
f'(z)] <1+ 2(1 —a— k(1 - p)) r (2.13)

1—p

()" [0+ 03+ 0t -2+ 250
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and
2(1 —a—k(1—pB))
() [t 1= ) (1=t 200)]

The results are sharp for the function (2.12).

1f(2)=1-

T. (2.14)

Proof. The proof of above theorem is much akin to previous theorem so we omit the
detail. =

Theorem 2.6. Let f(z) € VS,(m, p, A\, o, B, k) with argument property as in the
class V. Define f1,(2) = z, and

fom(z) =2 — [1—a—k(1—p)]el-—mn
[5G, 1T [0+ 190, 78) — (65 + ) (1 — A+ Ag(m, )]
0<n<2m, n>2.

Then f(z) is in the class VS, (m, u, A, o, B, k) if and only if it can be expressed in
the form

2", (2.15)

F(2) =Y anfan(2), (2.16)
n=1

where x, >0 (n>1) and Y2z, = 1.

Proof. Let

F2) =) anfun(z) = e1fin(z) + D tafun(2)
n=1 n=2

_ _ c- U = . [1—a—k(1—pB)et—n .
= (1 ,;2 n) + 7;2 " |: [d(n, )™ [(k + 1)p(n, p) — (kB + ) (1 — X+ Ap(n, 1))

. 1= a— k(1= g)] el o
2 Tt ™ [k + Dd(m 1) — (kB + )1 = A+ Ad(m )]
From Theorem 2.2 we have
D Lo, w]™ [(k+ D, w) — (kB + )(1 = A+ Ad(n, )] |an|
n=2

= [p(n, ] [(k+ D)(n, 1) — (kB + o) (1 — A + Ap(n, )]

[1—a— k(1 - )] e
[0, 1] [0+ 1o, 1) — (6 + @) (1= A+ Ad(m, 1))
<1—a—k(1-8).

Conversely, suppose that f(z) € VS, (m, u, A, o, B, k). Set

" l—a—Ek(1-7)

lan|, n > 2.
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Then by Theorem 2.2 we have 0 < z,, < 1,(n > 2), we define

o0
1 =1-— g T,
n=2

then by Theorem 2.2 we have x1 > 0. Consequently, we obtain

F(2) =) tnfan(2)-
n=1

This completes the proof of theorem. O

In our next result we obtain the radius of close-to-convexity for the class
VS, (m, p, A, o, B, k).

Theorem 2.7. Let f(z) € VS,(m,u, A\, a, B,k). Then f(z) is close-to-convex of
order (0 < o < 1) in the disc |z| < r1, where

(1 — o) {[¢(n, W)™ [(k + 1)p(n, 1) — (kB + @)(1 — A + Ap(n, )]} ] 71
1—a—k(1-p) ’
(2.17)

r1 = inf

n > 2.
The result is sharp for the function f(z) is defined in (2.8).

Proof. Let f(z) € VSy(m,u, A\, a, B,k) and f(z) is close-to-convex of order o, we
have

|f'(z) -1 <1-0. (2.18)
On substituting the value of f(z) given by (1.1) in L.H.S. of (2.18) we obtain

o0

[f'(z) =1 <> nlanllz" "

n=2

The last expression is less than 1 — o if

e}

n _
zzl_JMMM”1<L

n=2

Since f(z) € VS,(m, u, A\, a, 5, k), from Theorem 2.2 we have

i [, w)]™ [(k + 1) (n, ) — (kB + a)(1 = A+ Ad(n, p))]
l—a—k(1-7)

lan| < 1.

n=2

The condition (2.18) holds good if

[¢(n, W]™ [(k + 1) (n, 1) — (kB + ) (1 = A+ Ad(n, p))]
l—a—k(1-7)

n n—1
- <
1 —0’2’ -

or, equivalently

1 (1= o) {[¢(n, )] [(k + 1) (n, p) — (kB + a)(1 — A+ Ag(n, p))]}
l—a—-k(1-0) ’
which gives the desired result and thus the proof of this theorem is established. [J

|z
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Applying the same technique of Theorem 2.7, we only state the results of following
theorem.

Theorem 2.8. Let f(z) € VS,(m,u, A\, o, B, k). Then
(1) f(z) is starlike order (0 < o < 1) in the disc |z| < ra, where

ry = inf [(1 _0> {[p(n, W™ [(k + Dp(n, p) = (kB + ) (1 = A+ Ad(n, u))]}]"il
2 n—ao 1_05—]{}(1—[3) ,

(2.19)
n > 2.
(2) f(z) is convex order (0 < o < 1) in the disc |z| < r3, where

r :inf[( 1—-o ){[¢(na#)]m[(k+1)¢(n,u)—(k5+a)(1_)\+)\¢(n,ﬂ))]}]nll
3 n(n*U) 1*0&*]{5(1f,8)

n > 2.
The results given in (2.19) and (2.20) are sharp for the function f(z) given in (2.8).

(2.20)

In our next theorem we determine convolution properties for the class VS, (m, 1, A, o, 8, k).
For this purpose we recall the definition of modified Hadamard product which is
given below

Let the functions f;(2)(j = 1,2) be defined by

oo
fi(z) =2+ Zan,jz”, an; > 035 =1,2. (2.21)

n=2

Then we define the modified Hadamard product of fi(z) and f2(z) by

(fl * fg)(Z) =z Z an,lan,QZn- (222)
n=2

Now, we prove the following result

Theorem 2.9. Let f;j(2)(j = 1,2) be defined by (2.21) is in the class VS, (m, u, A, o, B, k),
where =1 <a<f<1,0<A<1,0< u<l,k(1-p)<1l—a, meNyand z € U.
Then fl * f2('z) € VSn(m7,u7)\761aB7 k) fOT

& ==, (2.23)

~|

where

X = (o™ |9k 1) = (k-4 o) (1- A+ 1fﬂx)“—
ey (ot + 1)~ k5 (1-3+ 20 )] (- a -k - ).

(2.24)
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v = (601" [ i+ 1) - 5 +0) (1- 2+ 1:9)” -

2

<1 -2+ 1)\> (1—a—k(1- ﬁ))Q (2.25)
—H

and ¢(2, 1) = ﬁ The result is sharp.

Proof. Here we have to find largest d; such that

i [p(n, W)™ [(k + 1)@ (n, p) — (kB + 61)(1 — A + Ag(n, p))]
1—61 —k(1-p)

lan1an2| < 1. (2.26)

n=2

Since fj(z) € VS, (m, u, A, o, B,k)(j = 1,2) from Theorem 2.2 and applying Cauchy-
Schwarz inequality, we have

S [0l (b + Do, 9) = (KB + 0)(1 = A + A ) VIanians| < 1.

—~ l1—a—Fk(1-p)
(2.27)
Thus it is sufficient to prove that
(0 )" [k + () = (65 + 8)(L= A+ dom)] |
1—51—]{7(1—5) n,1Un 2| >
[¢(Tl,, M)] [(k + 1)¢§77:/2 : ](:ij—ﬂa))(l — A+ /\¢(nv M))] /|an71an72|’ n> 2. (2.28)

Or, equivalently

] < [T k4 100 ) — (BB o) (L A4 XS )] (L =01 k(L =B) e
VAt 2L = g )™ (ke + 1) 1) — (kB + 01)(1— A+ Ad(m )] (1 —a— k(1= B) " =

From (2.27) we have

Vl0an1an2| < 1—a—k(1-f) , > 2. (2.30)
ST T e, w]™ (k4 Dé(n, p) — (kB + a)(1 = A+ Ap(n, )] T
Consequently, we only need to prove that

1l—a—k(1-7)
[¢(n, W)™ [(k + 1)@ (n, p) — (kB + ) (1 = A+ Ag(n, p))]
[¢(n, )]™ [(k + 1)@ (n, p) — (kB + ) (1 — A+ Ad(n, )] (1 — 01 — k(1 — B))
[¢(n, )]™ [(k + 1) (n, p) — (kB + 61)(1 = A+ Ad(n, )] (1 — a — k(1 = B))

<

)

(2.31)

)
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The above expression is equivalent to

oty [otm i+ 1) = 5 e) (124 M)”z )

1—

5 :{cb(n,u)}m [cb(n,u)(k +1) — kB (1 — A+ 13//\)] (1—a—k(1—B))>

ot )™ [otm 1) = () (114 2A>H2 .

L—p
(1A+1EMA> (1—a—k(1—75))>
=A(n). (2.32)
Since A(n) is an increasing function of n(n > 2), letting n = 2 in (2.32) we obtain
2
o020} o2+ ) - 5+ ) (1-3+ 2 )| | -
o0y [oa 1)~k (1= 3+ 23 )] (- a = k1L - 9)°

5 =A(2) = 2 i |
[{¢(2,u)} [qﬁ(? p)(k+1) = (kB + ) (1—)\4-1_“)\)” _
(1—/\+MA) (1—a—k 5))2
or, equivalently (2:33)
o =A(2) = % (2.34)

where X and Y are given by (2.24) and (2.25), respectively. which proves the desired
result.
The result is sharp for the function f(z) given by (2.8). O

In our next result we show that the class VS,(m,u, A, d1,5,k) is closed under
convolution.

Theorem 2.10. The class VS,(m, u, A\, a, 8, k) is closed under convexr combina-
tion.

Proof. For i =1,2,3,..., fi(2) € VS, (m, i, A, 61, B, k), where f;(z) is given by

o0
2)=2z+ Z aniz". (2.35)
n=2
Then by Theorem 2.2 we have

i [o(n, w)]™ [(k + 1D (n, ) = (kB + a)(1 = A+ Ad(n, p))]
l—a—k(1-7)

land < 1. (2.36)
n=2
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For > 72, t; =1, 0 <t; <1, the convex combination of f; may be written as

ituﬂ(z) =z + i (i tiam) 2", (2.37)
=1 n=2 \i=1

Then by Theorem 2.2 we have

— [¢(n, )] [(k + D)o (n, 1) — (kB + a)(1 = X+ Ap(n, )] [

; 1—a—k(1—-B) <§ tia””‘)
N, m[MWMWW%+1WWMO—%B+®0—A+Awmuma,
_;t’ (; 1—a—k(1-7) "’l>

<Dt
i=1
=1.
Therefore Y 22, tifi(z) € VSy(m, p, X\, o, B, k).

Thus, we say that the class VS, (m, 1, A, o, 3, k) is closed under convex combination.
O

Remark 2.1. (1) If we put 4 = 0,m = 0,m = 1 in Theorems 2.1-2.10 then

we obtain the corresponding results of Aouf et al. [4].

(2) If we put p = 0,A =0,m =0,m = 1,7 = 0 in Theorems 2.1-2.10 then we
obtain the corresponding results of Sim et al. [28].

(3) If we put p = 0,A = 0,m = 0,m = 1,8 = 1,7 = 0 in Theorems 2.1-2.10
then we obtain the corresponding results of Bharti et al. [5].

(4) If we put p = 0,A =0,m = 0,m = 1,a = 0,8 = 1,7 = 0 in Theorems
2.1-2.10 then we obtain the corresponding results of Kanas and Wisniowska
(15, 16].

3. A FAMILY OF CLASS PRESERVING INTEGRAL OPERATOR

Let f(z) € A be of the form (1.1) then the integral operator F'(z) given by the

relation | p
C:fc / (1) dt, (e> —1). (3.1)
0

Theorem 3.1. Let f(z) € VS, (m,u, A\, o, B, k). Then F(z) defined by the rela-
tion (3.1) is also belongs to the class VS,(m, u, A, o, B, k).

Proof. Since f(z) € VS, (m, i, A, o, 3, k) then by Theorem 2.2 we have

F(z) =

o~ (600 W™ [(k+ 1)(n, 1) — (kB + ) (1= A+ A6 (n, p))]
;2 o k(1) lan| < 1. (3.2)
By definition of F'(z) given in (3.1) we can express F'(z) as
~c+1
F(z) = z—l—éjinanz”. (3.3)

Now
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i [¢(n, )] [(k + 1)¢(n, 1) — (kB + a)(1 = A+ Ap(n, p))] |c+1
o l—a—k(1-7) c+n
_ N e )] [(k 4+ Do (n, p) — (kB + )(1 = A+ Ad(n, )]
<2 1—a— k(- @]
2 o« k(- B)
<1
Thus F(z) € VS, (m, u, A, o, B, k).
Thus the proof of Theorem 3.1 is established. U
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