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CERTAIN SUBCLASSES OF HARMONIC UNIVALENT

FUNCTIONS ASSOCIATED WITH q-CALCULUS

SAURABH PORWAL1 AND MANOJ KUMAR SINGH2

Abstract. The purpose of the present paper is to investigate a new subclass
of harmonic univalent functions associated with q-calculus. Extreme points, dis-
tortion bounds, convolution theorem and convex combination are determined for
this class. Relevant Connections of the results presented herewith various known
results are briefly indicated.

1. Introduction

A continuous complex valued function f = u+ iv is said to be harmonic in a simply-
connected domain D if both u and v are real harmonic in D. In any simply-connected region,
we represent f = h+ ḡ, where h and g are analytic in D. The analytic and co-analytic part
of the function f are h and g, respectively. The necessary and sufficient condition for f to
be locally univalent and sense-preserving in D is |h′(z)| > |g′(z)|, z ∈ D.

In 1984, Clunie and Sheil-Small [5], Duren [8], (see also [1, 16]) investigated the class
SH of function f = h + ḡ which are harmonic univalent and sense-preserving in the open
unit disc U = {z : |z| < 1} for which f(0) = fz(0)− 1 = 0. They investigated several inter-
esting properties of harmonic univalent functions and opens up a new direction of research
in geometric function theory. After appearance of this paper Silverman [20] investigated a
subclass of harmonic univalent functions with negative coefficients. Further these results
were generalized and improved by Silverman and Silvia [21], Jahangiri [11]. After the in-
vestigation of these subclasses the study of harmonic univalent and multivalent functions
became an active area of research in geometric function theory.

In fact, several authors such as [2, 7, 12, 14] presented a systematic and unified study of
harmonic univalent functions. Recently, application of quantum calculus and post quantum
calculus on analytic and harmonic univalent functions has a new area of research in this
field. Various subclasses of analytic and harmonic univalent functions involving q- calculus
were recently investigated and studied by eminent researchers of this field. They obtain
several new and interesting results. Further, several authors studied bi-univalent functions
and Hankel determinant of univalent functions associated with q- calculus. Noteworthy
contribution in this direction may be found in [2, 12, 17, 18]. Recently, in 2020, Srivastava
[22] had a detailed study of q- calculus and fractional q- calculus and its applications in his
survey -cum-expository review article.
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Now, we recall the definition of q- calculus which was first introduced by Jackson [9, 10],
(see also [3]). The q-number for k ∈ N is defined in the following way

[k]q =
1− qk

1− q
, 0 ≤ q < 1.

=⇒ [k]q =
∑k−1

i=0 qi.

lim
k→∞

[k]q =
1

1− q

and

lim
q→1

[k]q = k.

The q-derivative for a function f is defined by

Dq(f(z)) =
f(qz)− f(z)

(q − 1)z
, q ̸= 1, z ̸= 0

and Dq(f(0)) = f ′(0), provided f ′(0) exists.
The q-Jackson definite integral of the function f is defined by∫ z

0

f(t)dqt = (1− q)z

∞∑
n=0

f(zqn)qn, z ∈ C.

A complex-valued harmonic univalent and sense-preserving mapping f defined on open
unit disk U can be written as

f(z) = h(z) + g(z) (1.1)

where h(z) = z +
∑∞

k=j akz
k and g(z) =

∑∞
k=1 bkz

k, |b1| < 1 are analytic in U.
Let SH(n, α, β, q, j) denote the class of functions f(z) of the form (1.1) which satisfy the

following criteria
∞∑
k=j

kn{k[k]q(1 + β)− (1− β + 2αβ)}|ak|+
∞∑
k=2

kn{k[k]q(1 + β)

−(1− β + 2αβ)}|bk| ≤ 2β(1− α)(1− |b1|),
(1.2)

where n ∈ N0, j ≥ 2, 0 < β ≤ 1, 0 ≤ α < 1.
Further, S0

H(n, α, β, q, j) denotes the subclass of SH(n, α, β, q, j) for which b1 = 0.
By specializing the parameter we obtain the following known subclasses studied earlier

by various researchers which are specified below.

1. If we let q → 0 and j = 2 in the class SH(n, α, β, q, j) then it reduces to the class
SH(n, α, β) studied by Pathak et al. [15].

2. If we let q → 0, j = 2, n = 0, β = 1 in the class SH(n, α, β, q, j) then it reduces to

the class HS(α) studied by Öztürk and Yalcin [13].
3. If we let q → 0, j = 2, n = 1, β = 1 in the class SH(n, α, β, q, j) then it reduces to

the class HC(α) studied by Öztürk and Yalcin [13], see also [6, 19].
4. If we let q → 1, j = 2, β = 1, α = 0, n = 0 and n = 1 in the class SH(n, α, β, q, j)

then it reduces to the classes HS and HC studied by Avci and Zlotkiewicz [4].

2. Main Results

First, we prove that the class SH(n, α, β, q, j) is univalent and sense-preserving in U.

Theorem 2.1. The function f ∈ SH(n, α, β, q, j) is harmonic univalent and sense-
preserving in U.
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Proof. If z1 ̸= z2, then ∣∣∣∣f(z1)− f(z2)

h(z1)− h(z2)

∣∣∣∣ ≥ 1−
∣∣∣∣ g(z1)− g(z2)

h(z1)− h(z2)

∣∣∣∣
= 1−

∣∣∣∣∣
∑∞

k=1 bk(z
k
1 − zk2 )

z1 − z2 +
∑∞

k=j ak(z
k
1 − zk2 )

∣∣∣∣∣
> 1−

∑∞
k=1 k|bk|

1−
∑∞

k=j k|ak|

≥ 1−
∑∞

k=1
kn{k[k]q(1+β)−(1−β+2αβ)}|bk|

2β(1−α)

1−
∑∞

k=j
kn{k[k]q(1+β)−(1−β+2αβ)}|ak|

2β(1−α)

≥ 0.

Thus f is univalent in U.
Next, we prove that f is sense-preserving in U. This is because

|h
′
(z)| ≥ 1−

∞∑
k=j

k|ak|z|k > 1−
∞∑
k=j

k|ak|

≥ 1−
∞∑
k=j

kn{k[k]q(1 + β)− (1− β + 2αβ)}|ak|
2β(1− α)

≥
∞∑
k=1

kn{k[k]q(1 + β)− (1− β + 2αβ)}|bk|
2β(1− α)

≥
∞∑
k=1

k|bk| >
∞∑
k=1

k|bk||z|k−1 ≥ |g
′
(z)|.

□

In our next theorem we obtain bounds for f ∈ SH(n, α, β, q, j).

Theorem 2.2. If f ∈ SH(n, α, β, q, j) then

|f(z)| ≤(1 + |b1||z|+ |b2||z|2 + ...+ |bj−1||z|j−1)+

2β(1− α)

jn[j[j]q(1 + β)− (1− β + 2αβ)]

[
1−

j−1∑
k=1

kn{k[k]q(1 + β)− (1− β + 2αβ)}|bk|
2β(1− α)

]
and

|f(z)| ≥(1− |b1||z| − |b2||z|2 − ...− |bj−1||z|j−1)−

2β(1− α)

jn[j[j]q(1 + β)− (1− β + 2αβ)]

[
1−

j−1∑
k=1

kn{k[k]q(1 + β)− (1− β + 2αβ)}|bk|
2β(1− α)

]
.

Proof. We only prove the right-hand inequality. The proof for the left hand inequality is
similar and will be omitted.
Let f ∈ SH(n, α, β, q, j)

|f(z)| ≤ (1 + |b1||z|+ |b2||z|2 + ...+ |bj−1||z|j−1) +

∞∑
k=j

(|ak|+ |bk|)|z|k

= (1 + |b1||z|+ |b2||z|2 + ...+ |bj−1||z|j−1)
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+
2β(1− α)

jn[j[j]q(1 + β)− (1− β + 2αβ)]
|z|j

∞∑
k=j

jn{j[j]q(1 + β)− (1− β + 2αβ)

2β(1− α)
(|ak|+ |bk|)

≤ (1 + |b1||z|+ |b2||z|2 + ...+ |bj−1||z|j−1)+

+
2β(1− α)

jn[j[j]q(1 + β)− (1− β + 2αβ)]
|z|j

∞∑
k=j

kn{k[k]q(1 + β)− (1− β + 2αβ)

2β(1− α)
(|ak|+ |bk|)

= (1 + |b1||z|+ |b2||z|2 + ...+ |bj−1||z|j−1)+

2β(1− α)

jn[j[j]q(1 + β)− (1− β + 2αβ)]

[
1−

j−1∑
k=1

kn{k[k]q(1 + β)− (1− β + 2αβ)}|bk|
2β(1− α)

]
.

□

Theorem 2.3. The extreme points of S0
H(n, α, β, q, j) are only the functions of the form

z + akz
k or z + btzt with

|ak| =
2β(1− α)

kn[k[k]q(1 + β)− (1− β + 2αβ)]
, k = j, j + 1, j + 2, ...

|bt| =
2β(1− α)

tn[t[t]q(1 + β)− (1− β + 2αβ)]
, t = 2, 3 . . . .

Proof. Let

f(z) = z +

∞∑
k=j

akz
k +

∞∑
k=2

bkzk

is such that
∞∑
k=j

kn {k[k]q(1 + β)− (1− β + 2αβ)}
2β(1− α)

|ak|+
∞∑
k=2

kn {k[k]q(1 + β)− (1− β + 2αβ)}
2β(1− α)

|bk| < 1,

(2.1)
ak > 0

Then if µ > 0 is small enough we can replace ak by ak − µ, ak + µ and we obtain two
functions that satisfy the condition (2.1) for which one obtains

f(z) =
1

2
[f1(z) + f2(z)].

Thus, we say that f is not a possible extreme point of S0
H(n, α, β, q, j).

Further, suppose that f ∈ S0
H(n, α, β, q, j) be such that

∞∑
k=j

kn[k[k]q(1 + β)− (1− β + 2αβ)]

2β(1− α)
|ak|+

∞∑
k=2

kn[k[k]q(1 + β)− (1− β + 2αβ)]

2β(1− α)
|bk| = 1,

(2.2)
ak ̸= 0 , bt ̸= 0.

If µ > 0 is small enough and if δ, ε with |δ| = |ε| = 1 are properly chosen complex
numbers, then leaving all but ak and bt coefficients of f(z) unchanged and replacing ak, bt
by

ak + µ
2β(1− α)

kn[k[k]q(1 + β)− (1− β + 2αβ)]
δ; bt − µ

2β(1− α)

tn[t[t]q(1 + β)− (1− β + 2αβ)]
ε,
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ak − µ
2β(1− α)

kn[k[k]q(1 + β)− (1− β + 2αβ)]
δ; bt + µ

2β(1− α)

tn[t[t]q(1 + β)− (1− β + 2αβ)]
ε,

we obtain functions f1(z), f2(z) that satisfy condition (2.2) such that

f(z) =
1

2
[f1(z) + f2(z)].

In this case f cannot be an extreme point. Thus for |ak| = 2β(1−α)
kn[k[k]q(1+β)−(1−β+2αβ)] ,

|bt| = 2β(1−α)
tn[t[t]q(1+β)−(1−β+2αβ)] , f(z) = z + akz

k or f(z) = z + btzt are extreme points of

S0
H(n, α, β, q, j). □

To prove our next theorem we define the convolution of two harmonic functions.

Definition 2.1. For harmonic functions f(z) and F (z) of the form defined by

f(z) = z +

∞∑
k=j

akz
k +

∞∑
k=1

bkzk (2.3)

and

F (z) = z +

∞∑
k=j

Akz
k +

∞∑
k=1

Bkzk. (2.4)

Then the convolution of f(z) and F (z) is denoted by f(z) ∗ F (z) and defined by

(f ∗ F )(z) = f(z) ∗ F (z)

(f ∗ F )(z) = z +

∞∑
k=j

akAkz
k +

∞∑
k=1

bkBkzk. (2.5)

Using this definition we show that the family SH(n, α, β, q, j) is closed under convolution.

Theorem 2.4. For 0 ≤ α < 1, 0 < β ≤ 1, 0 < q < 1, j ≥ 2 let f ∈ SH(n, α, β, q, j) and
F ∈ SH(m,α, β, q, j). Then (f ∗ F )(z) ∈ SH(m+ n, α, β, q, j) ⊆ SH(n, α, β, q, j).

Proof. Let f(z) and F (z) defined by (2.3) and (2.4) belong to the classes SH(n, α, β, q, j)
and SH(m,α, β, q, j) respectively, then the convolution (f ∗ F )(z) is defined by (2.5). For
F ∈ SH(m,α, β, q, j) we note that

∞∑
k=j

km[k[k]q(1 + β)− (1− β + 2αβ)]

2β(1− α)
|Ak|

+

∞∑
k=1

km[k[k]q(1 + β)− (1− β + 2αβ)]

2β(1− α)
|Bk| ≤ 1.

This suggests that km|Ak| ≤ 1 and km|Bk| ≤ 1
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Now, for the convolution function (f ∗ F )(z) we have

∞∑
k=j

km+n[k[k]q(1 + β)− (1− β + 2αβ)]

2β(1− α)
(|akAk|)

+

∞∑
k=1

km+n[k[k]q(1 + β)− (1− β + 2αβ)]

2β(1− α)
(|bkBk|)

≤
∞∑
k=j

kn[k[k]q(1 + β)− (1− β + 2αβ)]

2β(1− α)
|ak|

+

∞∑
k=1

kn[k[k]q(1 + β)− (1− β + 2αβ)]

2β(1− α)
|bk| ≤ 1.

Thus, (f ∗ F )(z) ∈ SH(m+ n, α, β, q, j). □

Theorem 2.5. The class SH(m,α, β, q, j) is closed under convex combination.

Proof. For i = 1, 2, 3, ... let f(z) ∈ SH(n, α, β, q, j), where fi(z) is given by

fi(z) = z +

∞∑
k=j

aki
zk +

∞∑
k=1

bki
zk.

Then by definition
∞∑
k=j

kn[k[k]q(1 + β)− (1− β + 2αβ)]

2β(1− α)
|aki

|

+

∞∑
k=1

kn[k[k]q(1 + β)− (1− β + 2αβ)]

2β(1− α)
|bki | ≤ 1.

For
∑∞

i=1 ti = 1, 0 ≤ ti ≤ 1, the convex combination of fi may be written as

∞∑
i=1

tifi(z) = z +

∞∑
k=j

( ∞∑
i=1

tiaki

)
zk +

∞∑
k=1

∞∑
i=1

tibki
zk.

Now,

∞∑
k=j

kn[k[k]q(1 + β)− (1− β + 2αβ)]

2β(1− α)

( ∞∑
i=1

ti|aki
|

)

+

∞∑
k=1

kn[k[k]q(1 + β)− (1− β + 2αβ)]

2β(1− α)

( ∞∑
i=1

ti|bki
|

)

=

∞∑
i=1

ti

 ∞∑
k=j

kn[k[k]q(1 + β)− (1− β + 2αβ)]

2β(1− α)
|aki |

+

∞∑
k=1

kn[k[k]q(1 + β)− (1− β + 2αβ)]

2β(1− α)
|bki |

]

≤
∞∑
i=1

ti = 1.

Thus,
∑∞

i=1 tifi(z) ∈ SH(m,α, β, q, j) and the proof is complete. □



CERTAIN SUBCLASSES OF HARMONIC UNIVALENT FUNCTIONS 39

Acknowledgement. The authors wish to express their sincere appreciation to the reviewers
for their invaluable and insightful feedback, which significantly enhanced the quality of the
manuscript’s presentation.

References

[1] O.P. Ahuja, Planar harmonic univalent and related mappings, J. Inequal. Pure Appl. Math., 6
(4) (2005), Art 122, 1-18.

[2] O.P. Ahuja, A Cetinkaya, and V. Ravichandran, Harmonic univalent functions defined by post
quantum calculus operators, Acta Univ. Sap. Math., 11 (1) (2019), 5-17.

[3] A. Aral, V. Gupta and R. P. Agarwal, Applications of q-calculus in operator theory, New York,
NY; Springer, 2013.

[4] Y. Avci and E. Zlotkiewicz, On harmonic univalent mappings, Ann. Univ. Mariae Curie
Sklodowska Sect. A, 44(1990), 1-7.

[5] J . Clunie and T Sheil-Small, Harmonic univalent functions, Ann. Acad. Sci. Fen. Series A.I.
Math., 9(3) (1984), 3-25.

[6] K.K. Dixit and Saurabh Porwal, On a subclass of harmonic univalent functions, J. Inequal.
Pure Appl. Math., 10(1)(2009), Art. 27, 1-18.

[7] K.K Dixit and Saurabh Porwal, An application of fractional calculus to harmonic univalent
functions, Bull. Cal. Math. Soc., 102(4), (2010), 261-271.

[8] P. Duren, Harmonic mappings in the plane, Cambridge University Press, Cambridge, 2004.
[9] F.H. Jackson, On q-definite integrals, Quart. J. Pure Appl. Math., 41(1910), 193–203.

[10] F.H. Jackson, q-difference equations, Amer. J. Math., 32 (1910), 305–314.
[11] J.M. Jahangiri, Harmonic functions starlike in the unit disk, J. Math. Anal. Appl., 235 (1999),

470-477.
[12] J.M. Jahangiri, Harmonic univalent functions defined by q-calculus operators, Int. J. Math.

Anal. Appl., 5(2) (2018), 53-59.
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[14] M. Öztürk, S. Yalcin and M. Yamankaradeniz, Convex subclass of harmonic starlike functions,
Appl. Math. Comput., 154 (2004), 449-459.

[15] A.L. Pathak, K.K. Dixit, Saurabh Porwal and R. Agarwal, On a certain class of harmonic
univalent functions, Acta Universitatis Apulensis, 36(2013), 121-128.

[16] S. Ponnusamy and A. Rasila, Planar harmonic mappings, RMS Mathematics Newsletters.,
17(2) (2007), 40-57.

[17] Saurabh Porwal and A. Gupta, An application of q- calculus to harmonic univalent functions,
J. Qual. Measurement Anal., 14(1) (2018), 81-90.

[18] Saurabh Porwal and M.K. Singh, A new subclass of harmonic univalent functions associ-
ated with q− calculus, Bulletin Transilvania Univ. Brasov, Series III, Math. Comput. Science,
4(66)(1)(2024), 149-162.

[19] Saurabh Porwal, V. Kumar and P. Dixit, A unified presentation of harmonic univalent func-
tions, Far east J. Math. Sci., 47 (1) , (2010), 23-32.

[20] H. Silverman, Harmonic univalent functions with negative coefficients, J. Math. Anal. Appl.,
220 (1998), 283-289.

[21] H. Silverman and E.M. Silvia, Subclasses of harmonic univalent functions, New Zeeland J.
Math., 28 (1999), 275-284.

[22] H.M. Srivastava, Operators of basic (or q−) calculus and fractional q-calculus and their appli-
cations in geometric function theory of complex analysis, Iran. J. Sci. Technol. Trans. A: Sci.,
44 (2020), 327-344.

Received 13 February 2026



40 SAURABH PORWAL, MANOJ KUMAR SINGH

1 Department of Mathematics, Ram Sahai Government Degree College, Bairi-Shivrajpur,
Kanpur-209205, (U.P.), India; ORCID Address: https://orcid.org/0000-0003-0847-3550.,
2 Department of Mathematics, Government Engineering College-Dahod, Gujarat-
389151, India.

Email address: 1 saurabhjcb@rediffmail.com, 2 ms84ddu@gmail.com


