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BOHR INEQUALITIES FOR A SUBCLASS OF
CLOSE-TO-CONVEX HARMONIC MAPPINGS

XINTONG HAN', XTAOYUAN WANG?, HONG WANG?

ABSTRACT. In this paper, we obtain several improved versions of the sharp Bohr
radius for a subclass of close-to-convex harmonic mappings which satisfies a third-
order differential inequality. We provide a discussion on the sharp Bohr radius
for harmonic mappings from the viewpoint of certain proper combinations.

1. INTRODUCTION

Let H denote the class of complex valued harmonic functions f defined in D =
{z € C : |z| < 1}, and normalized by f(0) = f,(0) — 1 = 0. Also, let H° =
{f € H: £-(0) = 0} . Each function f € H° can be expressed as f = h + g, where

oo oo
h(z) =2+ Z anz" and g(z) = anz" (1.1)
n=2 n=2

are analytic functions in ID. The Jacobian J; of f = h+g is given by J; = \h’\Q— ]g'\z.
By Lewy’s theorem (see [8]), f is locally univalent and sense-preserving in D, if and
only if Js(z) > 0, or equivalently, if A’ # 0 and the dilation w = ¢//h’ has the
property |w| < 1 in D. In the main results, we will investigate Bohr radius for sub-
classes of close-to-convex harmonic mappings. The related subclasses of harmonic
mappings can be found in [16, 14, 13].

We denote by B the Bohr radius for analytic functions f in D such that |f(z)| < 1
for all z € D. In 1914, Bohr [5] proved that if f € Bis of the form f(z) = > > ; anz",
then the majorant series My(r) = Y 07 |a,| |z|™ of f satisfies

oo
My, (r) =Y lan| |2* < 1= ag| (1.2)
n=1
for all z € D with |z| = r < 1/6, where fo(z) = f(z) — f(0). Later, Wiener, Riesz
and Schur, independently improved the Bohr inequality (1.2) for |z| < 1/3 as the
sharp Bohr radius for f € B. Formula (1.2) is called the Bohr inequality, 1/3 is
called the Bohr radius, and this phenomenon is called the Bohr phenomenon.

2020 Mathematics Subject Classification. Primary 30C45, 30C80.
Key words and phrases. Univalent harmonic mappings; close-to-convex harmonic mappings;
Bohr radius; coefficient bound.
53



54 XINTONG HAN, XTAOYUAN WANG, HONG WANG

There are several different types of Bohr radius. One kind of Bohr radius for an-
alytic functions containing area elements was studied by Kayumov and Ponnusamy
[10] as following.

Theorem 1.1. Let f(z) =Y .7 anz" be analytic in D, |f(z)] <1 and S, denote
the area of the image |z| < r under the mapping f. Then

Z]anlr +16< ><1f07"

and the values 1/3 and 16/9 cannot be improved. Moreover,

Ba(r) = |af? +Z|an\r +2 <S)<1for

and the values 1/2 and 9/8 cannot be improved.

w\r—‘

l\DM—\

Another type of Bohr radius called Bohr-Rogosinski radius, appeared in [10]. In
fact, it is described as follows: if f € B, then for N > 1, we have |[Sy(z)| < 1 in the
disk Dy /o and this radius is sharp, where Sy(z) = Zgzo anz" denotes the partial

sums of f. The Bohr-Rogosinski sum R{V(z) of f defined by
RL(2) 2)| + Z lan| 7™ (2] = 7). (1.3)

Theorem 1.2. [10] Suppose that f(z) = 2 anz™ is analytic in D and | f(z)| <
1 i D. Then

1f(2)+ D lan|r" <1 for r < Ry,
n=N

where Ry is the positive root of the equation
2(1+7)rN — (1—r?) =0.
The radius Ry s the best possible. Moreover,
[o.¢]
[F()P+ D lan|r™ <1 forr < Ry,
n=N
where Ry is the positive root of the equation
(1+r)rN — (1- r2) =0.
The radius R’y is the best possible.

Recently, Wang et al. defined a new subclass of close-to-convex harmonic map-
pings which satisfies a third-order differential inequality.

Definition 1.1. ([16, Theorem 3.4]) For « > v > 0 and 0 < § < 1, let
W%(a, B,7) denotes the class of harmonic mappings f = h + g, which satlsfy the
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condition

WY (v, B,7) = {f =h+geH R (N (2)+azh(z) +v2°h"(2) — B)

(1.4)

> 1g'(2) + azg"(2) +72%¢"(2)] (z € D)}-

Theorem 1.3. ([16, Theorem 3.4]) Let f = h+g € WY (c, 8,7). Then forn > 2,

we have ( )
2(1 —
n| £ [bn| <
[an] + Jbn] 3 + (@ —3y)n? + (1 — a+ 2y)n
2(1-p)
n| bTL <
[lan| = [bn|| 3 4+ (a—=3y)n?+ (1 —a+2y)n
2(1-0)

‘an‘ =~

ynd 4+ (a—=3y)n? + (1 —a+2y)n
All these results are sharp for the function given by

_ = 2(1-0) .
f(z)_Z+,;27n3+(O‘_3V)n2+(1—a+2y)n2 : (1.5)
Theorem 1.4. ([16, Theorem 3.6]) If f =h+7g € W%(Oz,ﬁ,fy), then
2(—1)" 11— B)[z|"
|z|+;7n3+(a_37)n2+(1_a+27)n_|f(z)| ,
_ 1.6

2(1 - B)|2]"
= |Z| + Z 3 3 2 1 2
L3+ (a— 32 + (1 —a+ 29)n

Both the inequalities are sharp for the function given by (1.5) or its rotations.

Such results as coefficient bounds and growth estimates derived here can be seen
as generalizations of recent works (see [6, 9, 11, 12, 15]).

In this paper, we mainly deal with the functions f = h+ g € H of the class
W;,O{(a, B,v) which is defined by the third-order differential inequality (1.4). We
establish various Bohr inequalities for the harmonic functions in a suitable fashion.

2. BOHR’S INEQUALITIES FOR THE SUBCLASS

Before stating the main results of this paper, for the sake of simplicity, we list the
following notation concerning f € WY (a, 3,7), where z € D,p > 0 and N > 2,0 <
t < 1, which will be used in the main results.

N
Ly (2) = |2l + |f (2 P+§Z\%+wavw
n=N
o0

PN (2) = ()P + ¢ <le—t( )+Z\m+wuw

n=N
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The N'*™® degree polynomial in S, /7 of the form

p (S) _ <&>N+ (S)N 1S
T 7 i T
where S, denotes the image of the subdisk |z| < r under mapping f.
The main aim of this section is to study the Bohr phenomenon for the class
W%(a,,é’,’y) fora >~ >0and 0 < 8 < 1. We find the improved Bohr radius as
well as Bohr-Rogosinski inequality for functions in the class W% (o, B,7).

Using Theorem 1.3 and Theorem 1.4, considering power of the coefficient |a,| +
|br,|, we prove the following sharp Bohr radius for the class W%(oz, By7).

Theorem 2.1. Let f € WY (., 3,7). Then for N >2 and p > 0, we have

05, (2) = L 1P+ Y (lanl + [bal) |2]" < dist(£(0),0f(D)) (2.1)

a,Byy
n=N

for |z| =r < Ry n, where Ry, y is the unique root of

_ s 2(1 = p)r™ g
Fi(r) :=r+ (T +nZ::2 3 + (@ —37)n2 + (L —a+ 27)n>

- 2(1 — B)r"
+§V7n3+(a—3'y)n2+(1 —a+27)n

N ST L
3+ (a—3y)m2+(1—a+2y)n
n=2
Here R, N s the best possible.

Proof. Let f € WY, («,3,7) be given by (1.1). Then by Theorem 1.4 for |z| =, we
have

- 2(-)" 11— )"
" +nz_:2 3+ (a—3y)n? + (1 —a+2y)n U
- (2.2)

(e e]
2(1 — "
B S (S |
= +(a=3y)n>+(1—a+2vy)n

It is easy to see that f(0) = 0 and hence, |f(z) — f(0)] = |f(z)|. The Euclidean
distance between f(0) and the boundary of f(D) is given by

d(f(0),0f(D)) = liminf |f(z) - f(0)]. (2.3)

|z|=r—1

It is easy to show by the Weierstrass Discriminance that the series

= it g
T+nyn3+(a—3’y)n2+(l—a+2’y)n

n=2
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is absolutely and uniformly convergent, hence, the limit and summation sign can be
interchanged. Therefore, in view of (2.3), we obtain

_1\n—1(1 _
d<f<o>,af<m>>>1+z,m3 (Cf’f;y)) “(1@%27)”. (2.4)

Using Theorems 1.3 and 1.4, for |z| = r, we obtain

N
5, (2) = 2| + | f(= |P+Z (Jan| + [ba]) |2]"
n=N

2(1— p)r" ’
<’”+<’”+Zvn3 (=3 + (1—a+2v)n> 29

x 21— B)
t2 S s (et

It is easy to see that

- 2(1-p)r" ’
rt <T+7§7n3+(a37)n2+(1a+2'y)n> +

.- 2(1—-5)
n;\f ynd 4+ (a—=3y)n? + (1 —a+2y)n (2:6)

2(-1)"'(1-p)
= 1+;7n3+(a—3’y)n2+(1—a—|—2’y)n

for r < R, v, where R, y is the smallest root of

B 2(1 — B ’
Fl( = (TJFZ’yng a_3,7)n2 (1_a+2r}/)n)
% 2(1 - B)
+n;vm3 +(a=3y)n* + (1 —a+2y)n =0

S 2(-1)""'(1-B)
_1_Zvn3+(a—37)n2—|—(1—a—|—2fy)n B

n=2

n (0,1).

It is easy to see that F} is strictly increasing in [0, 1) for all p > 0. Moreover,
o0
2(-1)""1(1-8)
F0)=-1- <0
1(0) §7n3+(a—3’y)n2+(1—a+2’y)n
and

lim Fi(r) = +o0.

r—1
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This shows that R, v is the unique solution of the equation Fi(r) = 0 in (0,1).
Therefore, we must have

2(1- B)Ry y .
Fpn + (RP’N+Zyn3 (a=3y)n?+ (1 —a+2y)n

- 2(1-B)R;
+ Z: 3+ (@ —3y)n?2+ (1 — a+2v)n
n=N (2.8)

(1" 9)
) _Zvn3+ (a =32+ (1-a+2)n

which is equivalent to

2(1- B)R7 y .
Fpn + (RP’N—FZVTLS (a=3y)n?+ (1 —a+2y)n

- 2(1-p)r"
+ T;V 3+ (a—3y)n?2 + (1 —a+2y)n (29)
- 2(-1) 11— 5)

=and 4 (o= 3y)n? + (1 —a+2y)n’

In view of (2.4), (2.5) and (2.6) for |z| =r < R, n, it follows that

2N () — 2] + (2 |p+z (lan| + [ba]) ™ < d(£(0),0f(D)).

a,B,y
n=N

In order to show that the constant R, n is best possible, we consider the function
[ = [(a,,7) defined by

N 2(1 — B)2"
fapm(z) =2+ HZQ PO e e ey i g (2.10)

It is easy to show that f(, g4) € W%(a, B,v) and for f = f(, 3), a simple compu-
tation shows that

IR . 2(-1)" (1 - B)2"
d (f(ocﬁﬁ) (0),0f(ap.4) (D)) =1+ nz; 3 + (a —3y)n% + (1 — o+ 29)n

(2.11)
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For f = f34) and |z| = r > Ry N, using (2.9) and (2.11), a simple computation
shows that

2N ) =2] + | fapm (] + Z (lan] + [ba]) 2]

21— p)r” ’
_r+<r+z’yn3 + (a0 —3y)n? + (1—a+2*y)n)

o0

2(1-5)
+nZN'yn3+ (a=3y)n?>+ (1 —a+2y)n

>R,n+ R +§: 20 - DBy ’ (2.12)
N N = + (a=3y)n* + (1 —a+2v)n '

S 2(1 = P)Ry
+nZN’yn3 + (o — 3v)n? égl—oe—i—%/)n

14 Z )" (1 - B)
< yn® + (o —3 )n2+(1—a+2fy)
=d (f (am)( ), (0,57 (D)) -
Therefore, the radius I, y is best possible. This completes the proof. O

We prove the next result finding the sharp Bohr-Rogosinski radius.

Theorem 2.2. Let f € WY (a, 8,7). Then for N >2 andp > 0,0 <t <1, we
have

AN () = S + 0 TGl + (- o (%)

- (2.13)
+ Y (lan] + [ba]) [2[™ < dist(£(0),0f(D))
n=N

for|z| =r < EP,N, where Ep,N 1s the unique Toot of

= 2(1 = B)r" ’

(T—i_z yn? + (o= 3y)n? + (1 —a+2’y)n>

2(1—p)r
i <T+Zq/n2 (a—3'y)n—|—(1—o¢—|—27)>
2 4n(1 — 5)27“%

T-HP (T " nz:; [ynd 4+ (a =3y)n* + (1 —a+ 2v)n12> 219

= 2(1-5)
+T;V’yn3+(a—3'y)n2+(l—a+2’y)n
2(-1)"'(1-p)

—1— =0.
2B+ (a— 32 + (1 - a+27)

o0
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Here R, v s the best possible.

Proof. Let f € WY,(«, 3,7) be given by (1.1). It is well-known that (see [7], p. 113])
the area of the disk D, := {z € C: |z| < r} under the harmonic mapping f =h+g

is
S, _// e d:cdy—// 1 (2)]” = | (2)] )dazdy (2.15)
In view of Theorem 1.3 and (2.15), a simple computation shows that
/ / W () = |9/ ()") dady

— 24 Z n <\an|2 . ybn|2) r2
n=2

4n(1 — B)%r2n

2

s+ Z 3 -3 2 1— 2 2°
2 [+ (a - 392 + (1—a + 29))

The Jacobian of functions

) 5 / /B)rnfl 2
Ti(z) = ()] gz ‘ o <1+Z’yn2 05—3’)/)714-(1—04—1—27)) '

In view of Theorems 1.3 and 1.4 for |z| = r, we obtain

s 7N n
N () = £ + 03yl + - 0P () + S (faul + foal) |2
n=N

2(1 — B)r"
_<T+Z'yn3 =32+ (1—a+2y) )
2(1-B)r
+t<r+zfyn2 (oc—?w)n—i—(l—a—l-%/))

4n(1 — B)%r2n
+ (1 - t)P <T2 —l—nZ:; [’yng n (Oé — 3’)/)7712 + (1 —a+ 27)71]2)

o0

2(1 - B)r" .
+ T;\f 3 4+ (@ —3y)n2+ (1 —a+2y)n o).
(2.16)

A simple computation shows that

2(—1)"_1(1 —B)
@()<1+nyn3 +(a=3y)n2+(1—a+2vy)n
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for r < §p7 N, where ﬁp, n is the smallest root of the equation

S 21— B ’
(T—i_z'yn3+(a—3’y)n2+(l—a+2fy)n>
2(1 - p)r"
+t<r+zfyn2 (a—37)n+(1—a+2fy)>

4An(1 — B)%r?n
+(1-1)P (Tz + nz::z B 37()n2 +)(1 - 27)71]2) (2.17)

[e.o]

2(1-5)
+ Z 7n3+(a—3'y)n2+(1—a+2'y)n

2(-1)"'(1-8) _
B _Zvn3+(a737)n2 +(1-a+2y)

Let F» :[0,1) — R be defined by

2(1 — )" "
(*Zwﬁ ~3y)n? + (1—a+2’v)n>

2(1- )
+t <T+Z'm2 (a—3v)n+(1—a+27)>

> An(1 — B)%r?n
+(1-t)P (Tz + nz::z e 37()712 +)(1 - 27)71]2) (2.18)

= 2(1-7)
+§7n3+(a—37)n2+(1—a+27)n

S 2(-1)""'(1-p)
4+ (e =3y)n* + (1 —a+2y)

By the same argument applied in the case of F}, it is easy to show that ﬁp, N is
the unique root of Fy(r) = 0 in (0,1). Therefore, we have F <ﬁp7N) = 0 which is

equivalent to

(~ & 2(-1)"'(1 - B)Ry y )
)

R
p7N+n:27n3+(oz—3'y)n2+(1—a+2’yn

NETR S ()
PN —n?+ (o =3y)n+ (1 —a+2y)
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on 4n(1 - ,B)QEI%”
+(1-HP ( N Z [yn3 + (a — 3y)n? + (1 7—Noz + 27)n]2> (2.19)

N i 2( - 5)RZ,N
= 3 4+ (a=3y)n? + (1 —a+2y)n

. 2(-1)"'(1-p)
_1+;7n3+(a—3v)n2+(1—a+27)'

It is enough to show that the constant Ep,N is best possible. Henceforth, we

consider the function f = f(, g defined by (2.10). For fi, 3, and z =7 > Ep,N;
a simple computation using (2.11) and (2.19) shows that

5N () = [ fapm P + ) Tfia oy (D)2 + (1 =) P ( ) Z (lan| + [ba]) 2|
n=N
_ - 2(-1)"" 1(1—5w g
1 B)rn
(r—l—Z’ynQ a—3’y)n+(1—a+2fy)>

4n(1 . B)2T2n
+(1 =8P (rz " nzjg [yn3 4+ (a =3y)n? + (1 —a+ 27)"]2>

o0

2(-1)" (1= p)r
+7;V ynd 4+ (a=3y)n? + (1 —a+2y)n

- x 2(~1)""L(1 - BRI g
>|R L& 2.20
< p’N+n:27n3+(a—37)n2+(1—a+2v)n (2:20)

(1—B)R¥
<1+nyn2 a—37)n—|—(1—a+27)>
4n(1 — B)2R2n,
+(1=tP ( N+Z [yn? + (o — 3y)n? + (1—a+2'y)n]2)

Nt 2(—1)"_1(1 - 5) N
+ Z ’yn?’ +(a—3y)n?2+ (1 —pa +29)n

2(-1)"'(1 - B)
_1+Z’yn3 +(a=3y)n2+ (1 —a+2y)

= d (f(a,8.7)(0), (a5, (D))
This completes the proof. ]



BOHR INEQUALITIES FOR A SUBCLASS OF CLOSE-TO-CONVEX HARMONIC MAPPINGS 63

Remark 2.1. Many previous results can be obtained from Theorems 2.1 and 2.2
by taking different variable values of «, 8,7, t,p, N,N. For example,

e When a = v = 0, the result of Theorem 2.1 yields the corresponding result
of [1, Theorem 9].

e When a« = v =0, for t = 0,N = 2 and ¢t = 1, the results of Theorem 2.2
yields the corresponding results of the class W%(O, B,0) in [1, Theorems 10
and 11], respectively.

¢ When o = v = 0, for p = 1,¢t = 1, the results of Theorem 2.2 yields the
corresponding results of [4, Theorem 5.1].

e When v =0, for p=2,t =0,N = 2, N = 3, the results Theorem 2.2 yields
the corresponding results of the class WY (a, 3,0) in [3, Thorem 2.3(ii)].

Remark 2.2. Various special subclasses can be obtained from the class W% (o, B,7)
by taking different variable values of «,3,7. Such as, when v = 0, the class
W%(oz, B,7) yields the corresponding subclasses of W%(oz, B,0) = W%(a,ﬁ) which
is considered by [2, 14].

Let a = 2,y = %,B = %,p =2,N =2t = %,N = 2 in Theorems 2.1 and 2.2,
respectively, we get the following corollaries.

Corollary 2.3. Let f € WY (2, %, %) Taking p = 2, N = 2. Then

|2l + 1 ()P + D (lan] + [ba]) [2]" < dist(f(0),0f (D)) (2.21)

n=2

for |z| < Ry ~ 0.507020, where Ry is the unique root of

[e.e] 2 [e.e] o
2r" 2r" 2(—1)" !
+5S ) + T N )
T+<T T;n?’—l-nQ) ;n3+n2 nz:; n3 + n?

Here Ry is the best possible.
Corollary 2.4. Let f € WY/(2,4,%). Takingp=2,N =2,t =1, N =2. Then

2 [oe}
PP+ 2T lel+ <(i) + ST) 3 (ol +[bal 21" < dist(£(0). 01 (D)
n=2

ra
(2.22)
for |z| < Ry ~ 0.534062, where Ry is the unique root of

n

2r 1 2rn L[, 42
() 3 (i) 5| (P )

4P 2 - e 2
S | Sty R e

n=2 n=2

Here Rs is the best possible.
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CONCLUSION

In this paper, we established the Bohr-type inequalities for the subclass of close-to-
convex harmonic mappings W%(a, B,7), defined by a third-order differential inequal-
ity. Specifically, we proved sharp Bohr radius results and sharp Bohr-Rogosinski
radius results for functions in this class. The radii are shown to be best possi-
ble, as demonstrated by extremal functions. Our results unify and extend several
recent findings in the literature, corresponding to various choices of the parame-
ters a, 3,7,t,p, N and N. As natural directions for future research, one may ex-
plore similar Bohr phenomena for other subclasses of harmonic mappings defined by
higher-order differential operators, or investigate refined inequalities involving area
and Jacobian terms in more general settings.
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