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FRACTIONAL CALCULUS WITHIN TWO BANACH SPACES
AND AMPLIFIED NEURAL NETWORK APPROXIMATION

GEORGE A. ANASTASSIOU

ABSTRACT. Here we deal with the univariate and abstract multi-composite spe-
cific sigmoid activated quantitative approximation of Banach space valued con-
tinuous functions on a compact interval or on a Banach space. These happen
by quasi-interpolation Banach space valued specific multi-composite sigmoid ac-
tivated neural network operators. We perform also the related Banach space
valued and Banach space originating specific multi-composite sigmoid activated
fractional and abstract approximations. These multi-composite sigmoid activated
infinitely many approximations are derived by establishing Jackson type inequal-
ities involving the modulus of continuity of the engaged function or its Banach
space valued high order derivative or fractional derivatives. Our operators are
defined by using a multi-composite density function induced by seven known and
basic sigmoid functions. The approximations are pointwise and with respect to
the uniform norm. The related Banach space valued and Banach space originating
feed-forward neural networks are with one hidden layer.

1. INTRODUCTION

Multi-composition of activation functions in neural networks involves applying
different activation functions across layers or even within the same layer to introduce
varied non-linearities, allowing models to learn complex patterns better, often seen in
advanced architectures like: Long Short-Term Memory (LSTM) networks or through
techniques like ” Activation Ensembles” to boost performance by blending functions
(e.g., Sigmoid, Tanh, ReLU) for improved learning and tackling issues like vanishing
gradients, leading to stronger, more versatile models than a single function might
provide. The benefits follow:

Enhanced Non-linearity: Different functions capture different types of non-
linear relationships, allowing the network to model more intricate data.

Improved Performance: Ensembles of different activation functions often out-
perform networks using just one, especially on complex tasks or smaller datasets.

Specialized Functions: Combining standard functions (like ReLU for speed)
with others (like Sigmoid/Tanh for range control) offers flexibility.
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Applications:

Recurrent Networks: LSTM networks inherently use multiple functions (sig-
moid, tanh) to manage cell state and gates.

Advanced Ensembles: Methods like ” Activation Ensembles” learn weights for
multiple functions at each neuron, creating a richer activation.

Hybrid Layers: Concatenating outputs from different activation functions within
a layer or using them across different parts of a deep network.

As a conclusion: While a single, well-chosen function (like ReLLU) often suffices,
using multiple activations, either sequentially or combined, provides a powerful way
to boost a neural network’s representational power and accuracy, moving beyond
simpler ”vanilla” network designs.

In this article we are greatly inspired by the related works [5]-]7].

In Section 2 the author performs multicomposition of specific sigmoid functions
and neural network univariate approximations to continuous functions over compact
intervals of the real line or over a Banach space with values to an arbitrary Banach
space (X, ||||). Finally he treats completely the related X-valued fractional approxi-
mation. All convergences here are with rates expressed via the modulus of continuity
of the involved function or its X-valued high order derivative, or X-valued fractional
derivatives and given by very tight Jackson type inequalities.

Our compact intervals are not necessarily symmetric to the origin. In prepara-
tion to present our results we establish important properties of the multicomposite
specific density functions defining our infinitely many specific operators which are
induced by multi-composition of seven basic and known sigmoid functions.

Feed-forward X-valued neural networks (FNNs) with one hidden layer, the only
type of networks we deal with in this article, are mathematically expressed as

Ny (x) :cha((aj-x>+bj), reR® seN,
§=0

where for 0 < j <mn, b; € R are the thresholds, a; € R® are the connection weights,
¢; € X are the coefficients, (a; - ) is the inner product of a; and z, and o is the
multicomposition activation function of the network.

In Section 3 the author introduces Fractional Calculus for functions with domain
a Banach space and values in a Banach space, for the first time in the literature,
all based on [13] - [15]. He presents all the basics of a fractional calculus theory
including left and right fractional Taylor’s formulae.

In section 4 the author demonstrates his main results, that is applying all the
results of Section 2 under the spirit of Section 3. Essential for this work are [1] - [4].
For basics about neural networks we recommend [8], [9], [11].

2. MULTICOMPOSITE NEURAL NETWORKS APPROXIMATION

We need

Definition 2.1. ([4], p. 530) The general sigmoid activation functions we deal
with here are described as follows h : R — [—1,1], strictly increasing h (0) = 0,
h(—x) = —h(x), x € R, h(4+00) =1, h(—o0) = —1. Also h is strictly convex over
(—00, 0] and strictly concave over [0, 4-00), with h(®) € C (R).
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More precisely we will deal with the following sigmoid activation functions which
possess all of the above properties: the algebraic activation function,
x

gl(m):W7meNax€R7 (1)

(see [3], pp. 2-3);
the normalized and parametrized arctangent

TAT

2 2 d
g2 (x) = ;arctan (g)\x) = 77/0 ’ TZ?, reR, A>0, (2)

(see [4], p.p. 156-157);
the normalized and parametrized Gudermannian function

g3 (x) = %gd()\l’) = %arctan (tanh (M)>

2
2 [N dt 4 [ dt
:/ :/ B 2eER A0, (3)
wJo cosht w )y et+et
where
Todt
gd(z) := /0 i 2 arctan (tanh (g)) , VxeR,

is the Gudermannian function (see [4], p. 198-199);
the parametrized error function

9 Az
g4 (x) =erfix = / e_tzdt, z€R, A >0, (4)
VT Jo

(see [4], pp. 226-227);
the parametrized hyperbolic tangent function

erM — e~

e | ez T e2xx 1

Ax 62)\x -1

g5 (x) = tanh \x =

1— 672)\13

:m, .I>O,>\>O, (5)
(see [4], p. 72);

for small 0 < A < 1, tanh Az is expected to behave better than ReLu and Leaky
ReLu activation functions;

the parametrized hyperbolic tangent like activation function,
A)\ac _ Af)\:r
g6 (z) = AT A

(see [4], pp. 262-263);
finally, the S-parametrized half hyperbolic tangent function

A>1,A>0,zeR (6)

1—e b

—m, ﬁ>0,\V/J3€R, (7)

g7 ()

(see [4], p. 509-510).
So, we denote them by ¢; (z), z € R, i =1,2,...,7.
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Here we deal with the specific sequences of activation functions (hEQ)), q € N,

¢ € N, such that all hgq) € G := {91,992, 93, 94, 95, g6, g7} - That is hgq) for different
7 € N could be identical, ¢ € N.
(@) pla)

Therefore in the sequences of activation functions h;"’, hy”,..., we allow ran-

dom repetitions. Thus any two random hl(q) activation functions are not neces-

sarily different, but all belong to G. Call H@ = {hgq),hgq),...}, q € N, and

by Q = {H @ all g e N}. For simplicity next we can consider such a sequence
{h1, ha,...}.

Notice here 0 < h; (1) < 1,4 =1,2,.... Any composition hjohgohszo...ohy is meant
to be hi|j_11j0h2|[—1,1)0hs][—11]0--0ha—1][—11]°9hr, A € N, and for convenience, we
denote it by G := hjohgohgo...ohy. We have for any A € N: 0 < hy (1) < 1, hence
0< hy_1 (h)\ (1)) < hy_1 (1) <1,and 0 < hy_9 (h)\,l (h)\ (1))) < hy_2 (h/\,l (1)) <
hy_o (1) <1.

Inductively we derive that 0 < G (1) <1,V A € N.

Clearly, it gives us G (0) = 0 and G, is strictly increasing over R. Furthermore
it holds

G (=z) = hi (b2 (hs (... (ha—1 (ha (=2)))))) = ha (R (h3 (... (ha-1 (=ha (2))))))
= = —hy (hy (hg (oo (Bas (hy (2)))))) = —Gx (2), 2 € R.

Clearly it holds G2 € C (R).
We notice that

G (+00) = h1 (h2 (h3 (.. (ha-1 (ha (+00)))))) =

hi (ha (hs (... (ha-1(1))))) = Ga-1 (1), (8)
and
G (—00) = hy (ha (hs (... (ha—1 (ha (=00)))))) = k1 (B2 (b3 (... (ha-1(=1)))))
= —h1 (h2 (hs (... (ha-1(1))))) = =Ga-1 (1) . (9)

Consequently, it holds
—Ga_1 (1) < Gy (1‘) < Gy_1 (1) , VzeR (10)

Thus, y = £Gx_1 (1) are asymptotes of G (x), any A € N.
Next we act over (—00,0] : let A, u > 0: A+ p = 1. Then by convexity of hg there
we have
ha (Az + py) < Aho (z) + pho (y), V z,y € (—o0,0];
and
ha (he (Az + py)) < ha (Mg () + phe (y)) <
A(hyohg)(z)+ p(hiohs)(y), Vo, y€ (—o0,0]. (11)
So that hj o hy is convex over (—oo, 0.
Now we work on [0, +00) : let A, > 0: A+ p = 1. Then by concavity of hy there
we have
ha (Ax + py) > Ahg () + pha (y), ¥V 2,y € [0, +00);
and
hi (he (Az + py)) > hy (A (z) + phe (y)) >
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A(hyohg)(z)+ p(hiohs)(y), Vo, y€[0,+00). (12)

Thus, hy o hg is concave over [0, +00).

Therefore Go = hy o hs is a general sigmoid activation function with asymptotes
y = +hq (1), and fulfilling the rest of conditions of Definition 2.1.

Arguing as above hg o hg : R — [—1, 1], fulfills Definition 2.1, and hj o hy o hz does
the same with asymptotes h = +h; (ha (1)).

Inductively, we prove that G fulfills Definition 2.1 with asymptotes y = +=G_1 (1) .

We have established the following:

Theorem 2.1. Let g, A € N. Then G(Aq) = hgq) o hgq) ) héq) 0.0 hE\q) fulfill all

the properties of Definition 2.1 with asymptotes y = :I:Gf\qz1 (1). That is G(Aq) are
multi-composite general sigmoid activation functions from R — [—1,1].

(q)
Corollary 2.2. G(C:)*q(l) fulfill Definition 2.1 with asymptotes y = +1.
A—1
We call “
~ G\¢
G = —A—. (13)
G2, (1)

Remark 2.1. Next we consider the functions
1/~ -

T\ (z) = i (G(;’) (@+1) -G (- 1)) >0, VzeR, g eN.  (14)

We observe that

1
T (—z) = =

; (ag@ (—2+1) = G\ (—z — 1)) -

1@ @1 -G @) = (-G -1+ G @+ 1) = (15)

4
(@ @+ -0 @-1) =1 @)
That is Tiq) are even functions,
T () =T\? (x), Vo eR, g, AeN. (16)
We see that
9 (0) = éiq;(l) (17)

Let x > 1, we have that

1/~

T (@) = 7 (G (@ +1) = G (@ - 1)) <0,

by 6E\q), being strictly decreasing over [0, +00).

Let now 0 <z < 1,then1—2 >0and 0 <1—2 < 1+z. It holds ég\qy(:v—l) =
é’g\q)/ (1—2z)> ég\q)/ (x 4+ 1), so that again T/Sq)/ (z) < 0. Consequently T)(\q) is strictly
decreasing on (0, +00) .

Clearly, T)(\Q) is strictly increasing on (—o0,0), and Tiq)/ (0) = 0.
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Observe that

@y L (A ) _
im 77 (2) = 5 (GA (+00) — G (+oo)> —0, (18)
and )
lim 77 (z) = 3 (ég‘” (—o0) — G (—oo)) =0, ¢AeN. (19)

That is the z-axis is the horizontal asymptote on Tiq).

As a result T/@ is a bell shaped symmetric function with maximum

6(4) (1)
77 (0) = A (20)
We need
Theorem 2.3. It holds
S 1@ @@-i)=1, VzeR ¢reN (21)
Proof. As similar to [4], p. 286 is omitted. O
Theorem 2.4. We have that
/ T (zx)de =1, ¢,AeN. (22)
Proof. As similar to [4], p. 287, it is omitted. O
So that T;\q) (z) can serve as a density function in general.
We need
Theorem 2.5. Let 0 < a < 1, and n € N with n'=* > 2. Then
3 T (e~ k) < (1= G (0 - 2)) (23)
k= —o0
D nw — k| > nl
and
: A 1—a ) _
Jdim (16 (070 —2)) = 0. (24)
Proof. As in [4], pp. 531-532, it is omitted. O

Denote by |- ] the integral part of the number and by [-] the ceiling of the number.
We also need

Theorem 2.6. Let = € [a,b] C R and n € N so that [na| < [nb]. It holds

1 1
- < , Vxelabl; g AeN. (25)
P T (= k) T (1)

Proof. As similar to [4], p. 289 is omitted. O
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Remark 2.2. We have that

Lnb]
: (9) _ .
lim k; | 7Y (nx — k) #1; ¢ X€N, (26)

for at least some z € [a, ).
See [4], p. 290, same reasoning.

Note 2.7. For large enough n we always obtain [na| < [nb|. Also a < % < b, iff
[na] <k < |nb]. In general it holds (by (21))

Lnb)
S 1 (nx— k) < 1. (27)
k=[na]

Let (X, ||-]|) be a Banach space.
Definition 2.2. Let f € C ([a,b],X) and ¢, \,n € N : [na] < |nb|. We introduce

and define the X-valued linear neural network operators
[nb] 79
Zk [na] ( ) ! ( - k)

nb
ZIE Hna‘\ T(q) (nm - k)

WK, (f,z) := , € ab]. (28)

Clearly here E\Q)Kn (f,x) € C([a,b],X). For convenience we use the same g\q)Kn
for real valued functlon when needed. We study here the pointwise and uniform

convergence of K, (f,z) to f (z) with rates.
For convenlence also we call

DR* (f, ) : k%ﬂf( ) nz — k), (29)

(similarly E\Q)K;'; can be defined for real valued function) that is

(q K* (f l’)
Ky (f,z) = : (30)
D ,g"bgnﬂ T (nz — k)
So that
Ok (fr)— () = — IR D)y
A Z]E;nbllna_l q (’I’LJ,‘ B kj)
- DEs (f,2) - f(2) (Z;Lcnbﬁm] T (nz — k)) .

Z,Enb[m] (n:L‘ — k)

Consequently we derive

5 tr 0 1 @] < 7

K*(fx (Z T(q )

k=[na]
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That is

|95, (5.2) ~ £ @) < Lib‘j <f (k>—f(m)>T§q>(nx—k) . (33)

Tx(q) (1) || "

=Tnal

We will estimate the right hand side of (33).
For that we need, for f € C([a,b], X) the first modulus of continuity

A (B =1 ()= s f@—-FWl, 650 (34)
x,y € [a,b]
lz—y| <9

The fact f € C ([a,b], X) is equivalent to %ir%wl (f,0) =0, see [2], p. 154.
%
We denote by || f||,, :== sup ||f (2)], for f e C([a,b],X).

z€[a,b]
Next we present results of X-valued neural network multicomposite approxima-
tion to a function given with rates.

We start with

Theorem 2.8. Let f € C ([a,b],X),0<a<1,¢,\\ne€N:n'"*>2 z € [a,b].
Then

i)
|9 s.) - £ @) <
T(qi(l) [m (fv nl> +2(1-GY (n' "~ 2)) ||f||oo] A0, (3)
A
and
ii)

ISP NG (36)
We notice nh_}rrgo g\q)Kn (f) = f, pointwise and uniformly.
The speed of convergence is max (n%, (1 — ég\q) (nl_o‘ — 2))) .
Proof. As similar to [2], p. 293 is omitted. O

For X-valued functions on [a,b] the derivative is defined the same way as the
numerical derivative, see [12].

In the next we discuss high order neural network X-valued multicomposite ap-
proximation by using the smoothness of f.

Theorem 2.9. Let f € CV ([a,b],X), ¢, \,n,N €N, 0< a <1, z € [a,b] and
n'=® > 2. Then

i
|V (£.2) - £ @) <

LS 2@ a0 e o)) (3 o
7@ (1) ng 3! I:no‘j + <1 G ( 2)) (b ) :| +

A
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{wl<f(zv)71> | +2(1@&‘”<n1a2>)f<N>Hm<ba>N” -

n® ) noNN| N!
i) assume further fU) (zg) =0, j =1,..., N, for some xq € [a,b], it holds

1
050 a0) = 1 )| <
A
2(1- G (nt=—2)) [|Ff™]_ (b -a)N
{m (f(N)71> [ (1 - ) Il .
n® J naN NI N!
and
iii)
[V -1], <
N
1 Hf(])H [1 (@) (,1— ]
2+ (1-G (n ™ =2))(b—a) | +
zﬁwn{;; o [ (e 0
2 1_@((1) l—a _ 9 (N) b a)V
{M (0, 2) (1-G (n==2)) |7V 0 ) ” )
"n® ) naNN| N!
Again we obtain ILm g\q)Kn (f) = f, pointwise and uniformly.
Proof. As similar to [2], pp. 296-301 is omitted. O

All integrals from now on are of Bochner type [10].
We need

Definition 2.3. ([2, p. 10]) Let [a,b] C R, X be a Banach space, a > 0;
m = [a] €N, f:[a,b] - X. We assume that f(™ € L ([a,b],X). We call the
Caputo-Bochner left fractional derivative of order a:

1 * a1
D = —p"eTt Mm@y at, v b. (40
(D2 @)= s [ =" ar, Voelatl. ()
IfaeN, weset DY f = f (™) the ordinary X-valued derivative (defined similar to
numerical one, see [12], p. 83), and also set D%, f := f.
By [2, p. 11], (D%,f) (z) exists almost everywhere in x € [a,b] and DS, f €
Ly ([a, 0], X).
I [ F 1 o) < 00 then by [2, p. 11], D, f € C ([a,0], X) , hence | DZ, f]| €
C (la,b]) -
We mention

Lemma 2.10. ([2, p. 150]) Let « > 0, a ¢ N, m = [a], f € C™ ! ([a,b], X)
and f™ € Lo ([a,b], X). Then D2, f (a) = 0.

We mention
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Definition 2.4. ([2, p. 42]) Let [a,b] C R, X be a Banach space, a > 0,
m := [a]. We assume that f(™) € Ly ([a,b], X), where f : [a,b] — X. We call the
Caputo-Bochner right fractional derivative of order a:

m b
(Dp_f) (z) = FE:)—Q)L (z—2)™ L ) () dz, V€ lab]. (41)
We observe that (D" f) (z) = (—1)™ f™ (z), for m € N, and (DY)_f) (z) = f (z).

By [2, p. 43], (D;_f) (%) exists almost everywhere on [a,b] and (Dj_f) €
Ly ([aab] 7X)

I o)
Dy f]| € C([a.b]).

We need

Lemma 2.11. [2, p. 151]) Let f € C™ ' ([a,b],X), f™ € Ly ([a,b],X),
m = [a], a >0, a« ¢ N. Then Dj* f(b) =0.

< o0, and a ¢ N, by [2, p. 43], Dy f € C([a,b],X), hence

Convention 2.12. We assume that

D, f () =0, for z < xo, (42)
and
Dz, _f (x) =0, for z > xo, (43)

for all z, ¢ € [a,b].
We mention

Proposition 2.13. ([2, Ch. 5]) Let f € C"([a,b],X), n = [v], v > 0. Then
DY f () is continuous in x € [a,b

.
Proposition 2.14. ([2, Ch. 5]) Let f € C™ ([a,b],X), m = [a], a > 0. Then
Dy _f (x) is continuous in x € [a,b].
We also mention

Proposition 2.15. ([2, Ch. 5]) Let f € C™ ! ([a,b],X), f™ € Ly ([a,b], X),
m = [a], a >0 and

a _ 1 ’ _ pym—a—1 ¢(m)
Dol ()= iy L =0 (44)
for all x,zg € [a,b] : x > xp.

Then D, f (z) is continuous in xg.

Proposition 2.16. ([2, Ch. 5]) Let f € C"™ ! ([a,b],X), f™ € Lo ([a,b], X),
m=[a], a >0 and

D, f(x) = 5—— / " (¢ =yt f) (¢ e, (45)

for all z,zo € [a,b] : xg > =.
Then Dy f (x) is continuous in xo.
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Corollary 2.17. (]2, Ch. 5]) Let f € C™ ([a,b],X), m = [a], a > 0, z,z9 €

[a,b]. Then D¢, f(x), Dg,_f(x) are jointly continuous functions in (x,xo) from
[a,b] into X, X is a Banach space.
We need

Theorem 2.18. ([2, Ch. 5]) Let f : [a,b]*> — X be jointly continuous, X is a
Banach space. Consider
G(z) =wi (f(2),0,[x,b]), (46)
>0, x€a,b].

Then G is continuous on [a,b].

Theorem 2.19. (]2, Ch. 5]) Let f : [a,b]2 — X be jointly continuous, X is a
Banach space. Then
H(Jj) = w1 (f (-,x),é, [CL,I]), (47)

x € |a,b], is continuous in x € [a,b], 6 > 0.

We present the following X-valued fractional approximation result by multicom-
posed neural networks:

Theorem 2.20. Let o > 0, N = [a], a ¢ N, f € CN ([a,}],X), 0 < B < 1,
x € [a,b], ¢, \,n € N:n'=8 > 2. Then

i)
N-1 () o )
V(1) = 5T 08 () ) ) <
p
(Tf\q) (1)>_1 (wl (Da [ nﬁ)[ ]+w1 (Da fia )[xb}>
T (a+1) nes "

(1= G0 (217 = 2)) (IIP2 Al s oy @ = @ + D% ooy 0= )"} (48)
i) if fU) (x) =0, forj=1,.. N— 1 we have

5.6 H-( )

{ (1 (D155 g + 1 (D], )[x 1) N

nob

(1 - é&q) (nli )) (HDa fH (2 —a)* + D% fll oo, zp (0 — ) )}, (49)
i)
[\ (.2 H (2 w)™

{Z Hf“ {n;j_i_(b_a)j (1_5(;1) (n1—6_2>>}+
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1 {(w1 (D2t 35) ) + o1 (DS, nlﬁ)[x,b])jL

I'(a+1) nos

(1_(;(;) (nlfﬁ_ )) (HDa lloc o) (@ = O + D% Fllg oy (0 m)@)}},

(50)
YV x € [a,b],
and
i)
(a) @ 1)) "
[V =], = (1 )
N1 0| (1 o (1
{, <l {nﬁﬁ(b @y (1= (o' 6‘2»}*
j=
( sup wy (Dg_f, nﬁ)[a,x] + sup wi (DLf, ) m)
1 z€|a,b| x€[a,b] i
F'(a+1) nes

(1 ~- G\ (n1‘5 - 2)) (b—a)® ( sup || D8 f| o o T zsel[lfb} ||Dfxf||oo,[z,b}) }} :

z€[a,b]
(51)
Above, when N =1 the sum Z;V:_ll -=0.
As we see here we obtain X -valued fractionally type pointwise and uniform con-
vergence with rates of E\q)Kn — I the unit operator, as n — oo.

Proof. 1t is very lengthy, as similar to [2], pp. 305-316, is omitted. O
Next we apply Theorem 2.20 for N = 1.

Theorem 2.21. Let 0 < o, < 1, f € C'([a,b],X), = € [a,}b], ¢,; \,n € N :
n'=P > 2. Then

i)
|95 (.2~ £ @) <
(T§q> (1))—1 { (M (D2_f, n%)[m] +wi (D2, f, niﬁ)w) .
I'(a+1) nop
(1= G (7 =2)) (195l oy (& = @+ 1D gy (0= )7} (52
and
i)

(o)

5t =11 = ey
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< sup wi (fo,f, n%)[a 2] + sup wi (D*axf’ niﬁ)[x b]>
z€[a,b] ’ z€la,b] ’

nah

+

_ ~(q) 1-8 o\« « «
(1 G)\ (TL 2)) (b CL) <xsel[lal,)b] HD»T—fHoq[a@] + Isel[]i)b} HD*xf”oo,[x,b]> } .
(53)

When o = % we derive

Corollary 2.22. Let 0 < 8 < 1, f € C'([a,b],X), = € [a,b], ¢, \,n € N :
n'=8 > 2. Then

i)
|V (f2) = f @) <
N e G
- w DxQ_ sy T F +w Dfm y B
2 (T)Eq) (1)> ! n? [a,x] ! n? [:E,b] +
NG n2
A 1-8 3 _ 3 —
e G (¥ W N R
(54)
and
i)
@ 1) "
H(Q)K /. fH _ 2 (T)\ (1))
A B o = NG
1 1
( sup wi <D§f, n13> + sup wi (D*Q:va nla> )
z€[a,b] [a,2]  z€la,b] [,b]
+ 55
3 (55)

~ 1
(1 - Gg\q) (nl_ﬁ - 2)) (b—a)| sup Dz, ‘ < 0.
z€[a,b] 00, [z,b]
3. FRACTIONAL CALCULUS WITHIN A PAIR OF BANACH SPACES
We make

Remark 3.1. Throughout this work let (X, ||-||;) and (Y, ||-||,) be Banach spaces.
Here X7 denotes the j-fold product space X x X x ... x X endowed with the max-

1
Dij + sup
007[0,7;3] wé[a,b}

J
norm ||z y; = 1121)3\1% llzxlly, where z := (21,...,2;) € X7.
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Let the space of L; := L; (X 7, Y) of all j-multilinear continuous maps h : X7 —
Y, 7 =1,...,m, which is a Banach space with norm
h(x
Bl =kl = s (@), = sup (56)
(Il ¢ 5=1) zally - [zl

Let M be a non-empty convex and compact subset of X and xy € M is fixed.

Let O be an open subset of X : M C O.

Let f: O — Y be a continuous function, whose Fréchet derivatives ([15], pp.
87-127) fU) : O — L;=1L; (Xj, Y) exist and are continuous for 1 < j <m, m € N.

Call (z — x0)’ := (x — 20, ...,z — x0) € X7, x € M.

We will work with f|/.

Then, by Taylor’s formula ([15], p. 124) we get

O (20) (2 — 20)
fla)=3" . O)j(! 0 + Rin (2, 20) (57)

§=0
for all z € M,
where the remainder R, (x,z) is the Riemann integral

1 (1 _ u)mfl

Ry, (z,70) := /0 RO (f(m) (xo 4+ u(x — :co))) (x — z0)™ du, (58)

where we set f© (z0) (x — 20)° = f (o).
We obtain (by (56))

| (7 o+ (@ = )} (@ = wo)™ | < |7 (w0 + u (@ = 20) | o = woll"
‘ (59)
Above (f\M)(J), j=0,1,...,m, are norm bounded by continuity, and thus they are

integrable.
By Corollary 20.3, p. 125, of [15] we obtain

1Bz, < sup |50 )|, L=l (60)
TEL(zo,21) 2 m.
where
L(:L’o,:rl) = {T|§ =0x1 + (1 — 9) g, 0<6 < 1} (61)
is the line segment joining the points zy and x; (notice that the last T = xo +
0 (z1 — x0)).

Denote also L (zo,21) = ToT1.
Here (- — xg)’ maps M into X7 and it is continuous, also f{) (z0) maps X7 into Y

and it is continuous. Hence their composition f) (x0) (- — z0)? is continuous from
M into Y.
Let us restrict f on the line segment Zgz;. Then for

T(u)=ur1+ (1 —u)xog=x0+u(x1 —20), 0<0u<1,
the abstract function

faozr (w) == [ (T (w) = f (vo + u (z1 — 70))
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will map [0,1] into an abstract arc in Y, which starts at yo = f (o) and ends at
y1 = [ (z1).
By [15], p. 124, we have that
PO ) = 1O (g + (1 = 20)) (21 = 20)" (62)
for k=1,2,...,m; u € [0, 1], all continuous in u.
Notice that fig;)l is also integrable by (59).
We need

Definition 3.1. All as in Remark 3.1. We define the vector left Caputo-Fréchet
fractional derivative of fzzzy, of order o > 0, m = [a] ([] ceiling of the number),
by

0fzozr (u) = D (f (xo + u (21 — 20))) =
g ((f(m) (20 +u (1 — xo))> (21 — mo)m> —
1 “ m—a— m m
F(m—a)/o (u—t) 1 (f( ) (2o + t (z1 — xo))) (z1 — x0)™ dt, (63)
all 0 <wu <1,

defined via the vector left Riemann-Liouville fractional integral ([13], p. 2).

Then, we observe that
T8 DSy (f (o + u (o1 — w0)) = T8Iy (£ (wo + (1 = 20)) ) (1 — 7)™ =

(by [13], p. 6)
T (£ o +u (21— 20)) ) (21— 20)™ = (64)
L w1 (pm) B m
o 1)!/0 (=t (£ (w4t (a1 — 20))) (21— w0)™
true for 0 <wu < 1.
So, we have proved that

F(loz) /0 (u— )" D% (f (w0 +t (21 — w0))) dt =
(ml—l)! /Ou (=" (S (@0 + ¢ (@1 = 20)) ) (21— @)™ dt, (65

for all 0 <u < 1.
Consequently (by [13], p. 12) it holds the new left fractional-Fréchet Taylor
formula on ZoZ1:

Theorem 3.1. All as above. Then

m—1 k
Srgar (w) = f (o +u (21— 20)) = A (fﬂo)]if'fl —20)" b,
k=0 :
1 u 3
p(a)/o (u—)*"" D% fagar (1) dt, (66)

for all0 <u < 1.
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In particular we notice that (the case of u =1)

1 o i
I‘(a)/o (1 —w)* " D% (f (xo +w (21 — x0))) dw = (67)

1
_ / (1—w)™* (f(m) (o +w (1 — xo))) (1 — 20)" dw = Ry, (21, 70) ,
(m =1 Jo
where Ry, (x1,z0) is as in (58).
So, we have the particular vector left hand side Caputo-Fréchet fractional Taylor’s
formula (u = 1).

Corollary 3.2. All as above. Then

T FO) () (21 — wo)?
Flan =y L 0)5.,1 of (68)
=0 '
1
rla)/o (1 —w)* ' D (f (w0 + w (z1 — x0))) duw,

for all xg,z1 € M.

We make

Remark 3.2. We are again working on the segment ZTgzy, where zg,x1 € M;
0 <u <1, withz = 7Z(u) = z9 + u(r1—20), and fozr (v) = f(T(uv) =
f(xo+u(xy —x0)), i-e. fogzr:1[0,1] =Y.

When u = 0, fzzr (0) = f (20), and when u =1, fazr (1) = f (x1).

We have (by [15], pp. 121-122) the abstract Riemann integral:

/ (@) dz = / from (u) du. (69)

We also have that ([15], p. 122, and p. 124)
frozr () = f (zo +u (21 — 20)) (1 — 20)

and
FO_ () = £B (g + u (21 — 20)) (21 — 70)" (70)
k=1,2,...m.
Let o > 0, such that [a] = m.

We consider the vector valued right hand side Riemann-Liouville fractional inte-
gral ([13], p. 34),

1
B s () = i [ =0 o (1) (M

and the vector valued right hand side Caputo fractional derivative of order a > 0 of

D e ()= (1" g @) = L [ e )y as
()
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(we have that J?_Jflfm = Jffﬁfxoxl = Jfl.]f‘lfzo—ml, when fzz € C (]0,1],Y)
or a+ f>1, see [13], p. 39).
We need right hand side Taylor’s fractional formula.

Theorem 3.3. ([13], p. 44, by Theorem 2.16) Let f € C™ (]0,1],Y), u € [0,1],
a>0,m=[a]. Then

m—1 (k) 1
= w- s s [-wrt o san @
k=0 v

Equation (73) implies the vector right hand side corresponding fractional Taylor’s
formula:

Theorem 3.4. All as in Remarks 3.1, 3.2. Then

) () 1U1—5130)]C k
faozr (w) = f (w0 + u (z1 — 20)) Z (u—1)"+ (74)

]' ! oa— (e
i | U= 0D fm (D),
all0 <u <1,
where
D (9) = D (a9 (o1 o) = D [yt )
— 0L1 — F (m _ O{) J Tox1
(75)
= ﬂ /1 (t — J)m—a—l f(m) (2?0 +t (1'1 - .730)) (.1'1 — .’L‘o)m dt.
F'm-—a) /),
When u = 0 we obtain
Corollary 3.5. All as in Remarks 3.1, 3.2. Then
k
Z f (1) 1‘1 o) (_1)k +
1/ JADE f (o + J (21 — 20)) dJ (76)
for all xg,x1 € M.
4. MAIN RESULTS
Again, here all will be as in Sections 2, 3, specializing Section 2 to [a,b] = [0,1].

So we have the two Banach spaces (X, |-|;) and (Y,]|;), M is a non-empty
convex and compact subset of X and let zg,z1 € M be fixed points. Let O be
an open subset of X : M C O. Let f : O — Y be a continuous function, whose
Fréchet derivatives f\9) : O — L;=1Lj; (X 7, Y) (the space of all j-multilinear maps
h:XJ —Y,j=1,..,m) exist and are continuous for 1 < j <m, m € N.

We consider the line segment Zox7, whose points are described by

M>7Z(u):=ur1+ (1 —u)zg=20+u(x; —x0), 0<u<l, (77)
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and the abstract function

frozr (u) = [ (T () = f (20 +u (21 — 20)), (78)

which is continuous in u € [0, 1].
The last function maps [0, 1] onto an abstract arc in Y, with endpoints f (xg) and
f(x1). As in (62) we have that

£ (w) = 1B (@ + u (@1 — 20)) (21 — 70)", (79)

for k =1,2,...,m; u € [0,1], all are continuous in u.
Additionally we have that

ST () = O (@ + u (21 — 20)) (1 — @)™ (80)

is integrable on [0, 1].

The left Caputo-Fréchet fractional derivative D%, fzszr () is defined by (63), and
the right Caputo-Fréchet fractional derivative D{'_ fzszr (u) is defined by (72), where
a>0, [al =m.

By Definition 2.2, for fzozy € C'([0,1],Y) and ¢, \,n € N, we have that

};0 fraer (£) TA(Q) (nu — k)
D, (e u) = 20— , uelo1], (81)
> T)(\q) (nu — k)
k=0

of course g\q)Kn (fzozr,uw) € C([0,1],Y).

Next, we give results for the pointwise and uniform convergence of E\q) Ky, (fzozr, v)
to fzgzy (u) with rates.
A general result follows:

Theorem 4.1. Let 0 < a <1, g, \,n € N:n'=® > 2 4 € [0,1]. Then
i)
|8 K (faar w) = s ()| < (82)

O o — D (02— 2)) | fremr |l | = 59
T)(\Q) (1) |:W1 (f:roa:u na) + 2 (1 G)\ (TL 2)) Hf900931||oo —. 5}\ ’

and
ii)
<5\ (83)

o0

H(AQ)Kn (faowr) — frozr

We notice that li_>m &Q)Kn (fzozr) = [zgz7, pointwise and uniformly.
n—oo
The speed of convergence is max (n%, (1 — ég\q) (nl_a — 2))) .

Proof. By Theorem 2.8. g

Using differentiation we derive:
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Theorem 4.2. Let ¢, \,n,N € N, 0 <a <1, u€[0,1] and n*~* > 2. Then
)
|8 K (. w) = s ()|, < (84)

2
J)
o W),

L;’” + (1 — GO (nte - 2))] +

)

i1) assume further fxoxl (to)) =0, 5 =1,..., N, for some ty € [0,1], it holds

Sibes
|:W1<f(N)1> . +2<1—égq>(n1a—2)>

facgacl

0T’ po | palN | N!

1
e < -
H fl“ofl?lv ) fftom (tO)H2 = T)(\q) (1) (85)
D) () 1-a
v 1 1 2(1_GA (n _2)> (V)
w1 | faeg — + Jaoor
0T’ pa | paN N| N! 0T floo [
a much faster convergence,
and
|88 (Free) — frame]|_ < (36)
(4)
N | faoee
1 ZTox1 [ 1 ~(a) [ 1—
T)(\Q) (1) {jl 4! neJ ( )
~(@) (o 1-a
W 1 1 2 (1 -G (- 2)) | e f ™|
1\ Jeomr e ) pan N '
Again, we derive hm )\ Ky, (fzozr) = fagzr, pointwise and uniformly.
Proof. By Theorem 2.9. U

Using fractional differentiation we obtain:

Theorem 4.3. Let « >0, N = [a],a ¢ N, 0< < 1,te€0,1], ¢, \,n € N:
n'=P > 2. Then

i

N-1 ¢0G) (4 ,
DK, (fagernt) = 3 = D0k, (= 07) ) = from 0| <
Jj=1 ' 2

-1
190" (o s 9 o )
'(a+1) ne? '
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(1= G (077 = 2)) (ID2- Szt o o £ + 1% ooy (L= D)} (87)
it) if fg%)xl (t)=0, forj=1,...,N — 1, we have

T(q)(l) -1
(9K fmu;);w

{ ((JJl (D?_ Tox1) niﬁ)[(],t] + w1 (Dgt L0x1) n%)[t,1]> +

nah

(1= G2 (017 = 2)) (1D Szt ooy £+ 1D ey L= D)} (89)
here convergence is at a higher rate,
-1
H f:voxla fIE()Zl H ( (1))

fx(]x ) 1 ~ -
{Z S (@ () e
) { (wl (Dt_fm, n%)[(),t} + w1 (thfmozl’ #)[t,l}) "

I'(a+1) nas

(1= G (077 = 2))) (I1D5 frgmr e oy 1+ 1D ey 1= %) b (89)
Vtelo,1],

and
v (a) @ 1y
H K f:L'().’L‘l — JTox1 oo S (T)\ (1)>
()
N f-'EOII 1 ~
(9) -
(sl (v an (e}
a £ 1 ap 1
| <t2}3’1f‘“ (DS 77) 0.+ o] (Dt ) “’”)
I(a+1) n? !

(1- G (n'7 -2)) (él[épl D8 frzzrllo oy o ”D*tfxowl’oo,[t,u) }}

(90)
Above, when N =1 the sum Zjvz_ll -=0.
We derwe the Y -valued fractionally type pointwise and uniform convergence with
rates ofA )K — I the unit operator, as n — oo.

Proof. By Theorem 2.20. O
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Next we apply Theorem 4.3 for N = 1.

Theorem 4.4. Let 0 < o, < 1,t € [0,1], ¢, \,n € N: n'=8 > 2. Then
i)

|85 o, ) = e (0], < (o1)

—1
(T)(\q) (1)) <w1 (D frgmrs n%)[o,t] +wr (DS e ”%)[“O
I'(a+1) ne? '

()
o T'(a+1)

|2 K frzr = S

@ 1 . a 1
<£Eﬁ o (DR frwrs ) oy + Sup @1 (DS, frowr nﬁ)[m]>

naB

+

~(q) - o o
(1 — G (”1 F— 2)) <t2}(1)%)1] HDt—fx()TlHOQ[O’ﬂ + tiﬁﬁ] HD*tf:mleoo,[t,l]) } - (92)

Finally when o = % we obtain

Corollary 4.5. Let 0 < 3 < 1,t€[0,1], ¢, \,n € N:n'=8 > 2. Then
i)

|\ K (S t) = Frar (1), <

1 1
(9) -1 w1 <D2fxz7 n1> +w1 <D*2 w1 n1>
Q(T)\q (1)> ( t 0T1 B8 [O,t] tJ T0T1 B8 [t,l] .

VT ns
_ 1 1
(1—G(Aq) <n1_'8*2>) (Hfomm Vi+ Hth ToTT V1t>}a (93)
00,[0,] oo, [t,1]
and
i)

2 (1 1)
ST

IN

|2 K e — firmoe
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1 1
sup wi (Df_fm7 nl,8> + sup w; (thf:mm7 nla)
[0,¢] [t,1]

t€[0,1] t€[0,1]
B
n2
(1 -Gy (n - 2)) sup (D¢ faozr + sup || D2 fegzr < 00.
te[0,1] o0,[0,6]  t€[0,1] oo, [t,1]
(94)
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